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INTRODUCTION

A satisfactory dlscussion of Banach space theory musË include the

analysis of welL known convexity properties. An frr-depth study of these

concepts r¡ill reveal some of the eonnections beÈrseen the geoneËry of Banach

spaces and other areas of functÍonaL analysis. It ís rhe objective of thls

Paper to obtain new insight into this subject by studylng the asynptotlc

behavior of finite dimensional subspaces of Banaeh spaces frorn the point of

view of nultidimensional noduli of convexity.

A Banach space is safd to saÈisfy the ffxed point property whenever

every napping whÍch does noË fncrease distances from a weakly cornpac¡ sub-

set of the space into it,self has a fÍxed poÍnt. Aurong the questions of

special fnteresL we rvill address r¡111 be those relating to the evaluat,lon

and l-initing behavior of convexity mo<lull, and to the existence of struc-

tures uttder which a tsanach space has Èhe fíxed point properLy. I{e will be

concerned with determinÍng convexity condtËions thaE lmply normal struc-

tul:e. A Banach space haa nornal st.ructure if every bc¡unde<l convex subseË

of the space conËains a point whose maximurn distance Eo any other point of

the subset is strictLy less than lts cliameÈer. Since W. A. Kirk has provecl

this property implies the fixed poÍnL properuy [ 1B] , ¡+e will also exanine

par¿icular exampLes of superreflexive spaces that satisfy uhe fixed poínt

property but do not have no::mal strucÈrrre, and show they still have so¡ne

kind of structure.

A convexity condition easily seen

form convexlÈy. This property r"ras firsr

L936 Í,21. Incle¡>endently frorn Kirk, F. E.

fixed poinl property [1]. Geornetrically,

to Íurply normal st.ructure is uni-

introduced by J. A, Clarkson in

Browder showecl it satisfies the

a unlfornly corx'ex Banach space
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uniformly does not have arbitrarlly flat arcs on the srrrface of the unit

balL of length arbfErarily cLose to any given flxed positive number.

Since, fntuitively, lengEh can be thought of as a measurement of Lhe rela-

tlve positlons of t,wo poÍnts r,rith respect to each other, we wi1-l generalize

unl.form convexÍty to a property that utilizes the multiple-polnt concepE of

area as studied by E. sÍlverman [19] and F. sull-ivan t20]. This area no-

tion wfll be based on Èhe usual definitions of areas and volumes in g3

which can be obËained by calculatlng the determinant of certaÍn matrices

[3]. The property generallzing unlform convexity w111 be referred to as

k-unÍform convexit,y, where k can be any positive int,eger, and it will be

equivalent Ëo uniform convexÍty in case k Ís equal to I .

The first. chapter of LhÍs paper deals w1Èh the behavior of moduli

of convexiËy in HíLbert spaces. Along with some funda¡nental results, the

deflnÍtions of k-uniform convexily and the corresponcLíng nodulus of con-

vexlEy are iü.troduced in this chapter. For a given positive inÈeger k ,

k-uniforrn convexity of a Banach space wÍll ilnply the unf-forurly nonexistance

of arbltrarily flat k*l-dimensional convex regions on the uniÈ sphere of

the space of "area" arbÍtrarily close Èo any given fixecl positlve nurnber.

In a Banach space wÍth this property the distance from the origin of the

space Lo the centroid of any k*l-dlmensional convex hull rviËÏr vertíces on

the unit sphere and a gíven fÍxed posit,ive "areA" is at most one ninus lhe

rnodulus of k-uníform convexit,y corresponding to t.he given "area." ^{1so,

the modulus of k-uniform convexity is the J-argesE positive number satís-

fying this conditlon. Glven these deflniË1ons, vre then evaluate the

modulus of k-uniforrn convexíÈy of Hilbert spaces correspondíng lo any

glven poslËive "area" for any given positive lnteger k , and show that

thls moduLus approaches one as k goe.s to infintty. This w111 mean Ëhat,

the centrolds of ¿Ll k*1-dimensional- convex hulls in the uniË ball of a
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llllbert 6pace with a given flxed posft,ive "area" coLlapse LnÈo the origln

of the space as k gets arbitrarlly large.

In Chapter II convexity consideratLons play a centraL role. It

contalns the definitlons of two irnportant area-reLated condiLlons; proper-

ties A and B. The former is the stronger of the tr¡o. These properties

wlJ-l require a unlform behavlor by al-l subspaces of a Banach space wit,h

some fixed ftnite dinension. GeomeËrically, if thts dimensfon ls a posl-

tive integer k , they rvfll correspond to the deflnition of a round unit

balL frorn the point of view of k-dÍmensLonaLity. Foll'rwing the sophÍstl-

cated argurnent einployed by R. C. James to prove thaL unifornly nonsquare

Banach spaces are superrefl-exlve [ 12], we show that property B also lnnplLes

superreflexivfty. In order to have a compLete treaLment. of the notlon of

superreflexivlty in the conËext of propertÍes A and B, we fnclude the proof

of a theorem by D. van Dulst and A. J. Pach [6]. A consequence of thfs is

that superreflexivity does not ftnply either A or B. Another resul-t in thls

chaptcr shows LhaÈ a Banach space has property B if its norrn ls close

enough to ân equivalenÈ norm for whfch the noduli of k-.unfform convexíty

corlverge to one âs k goes to infLniÈy, I.le use thls result together wlth

Èhe maln theorem of Chapter I to prove that the space treated in an exanple

by L. A. Karlovltz [17] has property B even though it does not have proper-

ty A. Next, a maln result of this chapter shows thal property A funplies

f.he space has norrual- struclure, fron whl-ch it follows that íÈ nust have Èhe

flxed polnt property [18]. This makes properly A the most gener.al known

eonvexity condition for a space to have Èhls type of structure" Finally,

in the renainder of the chapter, !/e present a result that gives a charac-

Ëerizatlorr of property B in terms of cerc,aln structures relatecl to normal

structures. SLnce Karlovltzrs space satisfies the ffxed point prol:erty but
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does not have normal structure, this shorqs it still has sone kÍnd of sËruc-

ture, narnel-y property B.

In Chapter III, r¡hieh is mosÈly lndependent of Chapters I and II,

we t,urn our attention to the deffnilion of loeally k-uniformly convex

Banach spaceso The principal result of this chapter is that a suffieient

condltlon for a Banach space to be reflexive ls that its second dual be

1ocaLLy k-urriformly convex for any k > I .

The last chapter conËains a list of open questions or problerns

whlch r,¡e feel are closely related to the main subject of thís paper.

The ter¡ninology used throughout Ëhfs paper ls standard. It should

be the same as in Dunford and Schwarlz f7l, The following are excepÈlons:

S¡ and B¡ ç¡ill denoËe the unit sphere and the unlÈ ball of a Banach

spae.e X respectivel-y; [x1, ... , xk] wilt be the affine span of xl,
k

orr¡ xt¡ ¡ i.ê. if z e lx1, .r., xk] 'Ehen z = X ).1x1 , where
k i=l
f, l¡ = [ ; and dist(x¡¡1, [*1, ..., xk]) wtll mean the distance

i=l
between xk+I and [*I, ...¡ xlçJ . The nunberíng of definitionsr lemmas,

theorems, and propositlons 1s dr¡ne ln the order of appearance and there J-s

no discriminaËlon among them. Thus, for example, Lemma 1.10 ls ttre tenth

numbered ÍLern of Chapter I. 'Ihe nÍne prevlous it,ems may Ínclude deflnf-

tlons, lemmas, theorems, and propositíons.



CITAPTER I

Moduli of Convexity in Hllbert Spaees

Among Banach spaees, Hflbert spaces have the most regular proper-

ties. In thls chapter we conffne our atEentlon to Hilbert spaees, and

prove, in Theorem 1.11, they satfsfy the following regular property: By

pfcktng k arbltrariLy 1arge, the cent,roids of alL k-dimenslonal convex

hulls ln the unlt ball with a given fixed posfÈive "area" can be made arbl-

trarily close to the origln of the space.

FLrst some definitions and fundarnental results are essential.

Definitlon 1.1: A Banach space

such

X ls safd to be unlforinly convex ff given

that llx-yl¡ ( e vrhenever
llx+Yl¡

2
e)0 thereexist,s 6>0

1-6rand xryrS¡.

In a uniformLy convex Banach space not only fs it frnposslble to

fincl r.v'ro distÍnct points on the surface of the untt ball for whieh the seg-

ment joi.rrlng Lhern fs entlrely contalned in the unit sphere; but, regardless

of which two point,s are chosen, by knowfng the length of Ehe segment ü/e are

able to conclude thaE the norm of the midpoínt of the segmerr.t does not ex-

cee<l some given fixed nunber between zero and one.

In order lo generalize lhis two-polnl convexiÈy property to one

utllizing any arblrrary finite number of polnts, a nerr concept had to be

created Ínvolving the determlnation of sorne type of meâsurement eaused by

the relative positions of any given flnite number of polnts. Wíth this

purpose ln mind, the noÈ1on of area çvas bound Lo become the intullively ob-

vfous choice.



Definltfon 1.2: Let X be a Banach space. If k is an integer, k ) l,

xl, ooo¡ xþ e X r then the area of the convex hull delermlned by xl, ...,
txk , is the nonnegatLve nunber (k_lX 

. A(xt, r.. , xk) , where

I ... I

f1(x1) ... f1(x¡)

A(xI, ... ¡ x1¡) = sup : fl, ..., fk-l . SX*

f¡-1(x1) ... f¡-1(x¡)

Here, and ttrroughout this paper, l.l rvÍll clenote the determinant. We

wil-l caLl A(xl , ...¡ xt¡) the "area" determined by xl , ooo¡ xþ o

The next two lernmas are the backbone of the intuitlon ernployed in

deflnf.ng the concept c.f areas. The ffrst lernma ls due to GerernLa and

Sulllvan [10]. Its proof appears fn [9].

L"m:mq^j;-].¡ If X ls a Banach space, n an int,eger, n ) 2, xl, .or¡ xn

cX, then

A(xl, ...¡ xn) > A(xt, ..., xn-l). dist(xnr[x1, ..., xn-l]) ¡

In the nexL ler¡ma we show thaË in Hilbe-r-L spaces equality always

holds ln the above relatlon [3].

Lemma 1.4: If X ls a l{ilberb space, n an integer, n ) 2r xl¡ .orl X¡1

cX, then

A(xl, ...¡ xn) = A(xl, ,..r xn-l) . dlst(xr",rlxl , ¡.., xn-l]) .

Proof¡ Since Ëhe noËatlon becomes qulte lnvol.¡ed for large n , we only

a

I

present the proof for n = 3 .



Let ArBrCcX,

I^llthout any loss of generallty we may assume C Ls the zero element of

Xrand X=R2.

Suppose A= (a1ra2), B= (bfrbZ), C= (0r0), fI = (1r0) ,fZ= (Ort),

and 0 is the angle between A and B .

Lerring d = l"t 
ot 

l , ir fotlor¡rs rhac

l"z b2 
I

ll¡-cll . dJ.sr(l, [n, c¡¡ = lal lnl sin 0 = l¡, x sl = l¿l .

SÍnce d =

1t can be shown easiLy that

lal = sup

111

s1(A) st(B) si(c)

s2(A) s2(B) s2(c)

? EL¡ 82 SX*

and the proof is complete.

Clearly fron thls l-emma, if xl, xZ, x3 belong to a Hilbert space,
I

then 
lî- 

A("f, x2, x3) is the usuaL area of the trLangle determlned by

xl¡ x2r x3. Hence, our definlllon of area general-izes the well known ele-

menlary concepts of area and volume, Intultlvely, frorn tire last two l-ernnas

we may cc¡nclude thal the area of Lhe convex hull determlnecl by xl , o . r ¡ x¡1

I
is noE less tharr tlmes Lhe product of its base, the area of the

n-1
convex hull deterrulned by xI , oor¡ xn-l , aud íts helght, Èhe cli-stance

1

fron xn to Lhe affine span of xl, .rr¡ xn-t . Therefore,' (n"1) I

A(xt, o..¡ xn) makes sense as a definitton of area'

al b1

a2 b2

fr(e) fr(n)

f e(A) fz$)

111

fr(e) fr(n) fr(c)

f2(A) fz(a) f2(c)
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The following properLy, introduced and examined by Sullivan [20],

generallzes unlform convexity. It utillzes the concepL of area deflned

above.

DefinLtion 1.5: A Banach space X 1s said to be k-uniforruly eonvex,

(k-UR) , for sorne posiÈive integer k , if given e ) 0 there exist,s

I 1"1 + . .. * *¡-¡11 I

ô > 0 such tlìat A(xl, roo¡ xþ4t) ( e whenever

I - ô , and xl , oor¡ xlçft e SX,

k+1

Fron thLs deflnltlon Lt ls eâsy to see that a Banach space is

uniformly convex if and only if lt ls l-UR ,

The follor,rÍng sirnpLe propositfon fs related to the maín result of

thio ehapter.

Propo-sltlon 1.6_ (Sul-llvan t20l): If for some ¡rosit,ive inÈeger k a Banach

space X is k-UR , then ft ls k+l - UR .

Proof: Let e)0 begiven.

By the definitíon of k-UR pick ô ) 0 sucir that if yl, ... , yk+l c SX

llyr+..,*yt+ill
then A(yt, .o., yk+l) < *t r¡henever >1-ô

kil

I,le show thaE rl(xl,

ll*1 + ... -t- x¡a2ll

.t x¡.¡2) ( e if xl, ...¡ xþfl 6 S¡ , anc1.

, - 1Int.\o
\ t<+z /k+2

This ¡viLl lmply X is k+1 - UR .
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rt ls clear then, by the triangle inequaLlty, thaE for each f , I < t <

k+2,

ll*1 + ... * xt-l * xl+l + ... * *¡-¡2ll
k+2

>1-(#)'
so

I l*1 + ... * xi-l + xl+l + ... * *¡¡21 I

k+2

l"lultiplytng both sLdes of thls inequaLiry

I < i < k+2,

ll*1 + ... * xl-l + xt+l + ... * x¡-¡2ll

k+1

lu+t \ r>r-\-*/ô- k+2 '

k+2
by 

k*l we get for each i ,

k+2 I>.-_6_ =I-ôk+l k+l

Hence, by the choice of ô we must have
ê

A(xl, ooo¡ xf-lr xi*I, ..., xk..F2) a ã .

Let fl, ..., f¡¡1 belong to the unit sphere of X* .

Then by Èhe theory of deterrninants

I ... I

f 1(x1) ... f1(x¡.¡-2)
k+2 k+z

f¡a1(x1) . " n ft+t(xt+z)

= I_ (-l)i 11 (x1) di < I l<-r¡il llrlll lall
f=I l=1

lc+2
= I lar¡

{=l

ll*rll
k+2
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I ... I I ... I

f2(x1) ... f2(x1-1) f2(xi¡1) ... f2(x¡¡2)

where di =

f¡11(x1) ... f¡.'-1(x1-1) ft+t(xt+t) ... f¡r.1(x¡..2)

By taking the supreTulrm over all cholces of fl, .. ", fk+1 , it ís then easy

to deduce fron this inequality Ëhat

k+2
A(x1, ..., xk+2) ( I e("t, rr.r xj.-1, xi+I, .o., xk*2)

i=1
e<(k+2).--=e

k+2

which 1s the desired result. Hence X musÈ be k+l - UR .

It is clear from this propositíon Ehal if a Banach space Ís k-UR

for some k then ÍÈ is n-uR for nlk . Also, from its proof it might

seem thaL as n grows, some of Êhe centroids of n-climensional convex

hulls with vertices on Lhe unit spirere and a given fixecl poslttve "areâ"

approach the surface of the unlt ball. This is not necessarily the case.

In ltilberÈ spaces the opposite occurs: They collapse into the origin of

the space.

Before provi.ng Lhis surprising specÍal property, a new definition
and some prel-Íminary Lemmas are in orrler.

lg{llifigl 1.2: The rnodulrrs of k-uniform convexity of a Banach space X

is the nonnegative funcËÍon ôk defínerl by

I l*1 + ... * x¡.'-11 I

a

ô¡ (e) = inf {l -
k+l

3 xlr ..., x¡-¡1 É S¡ ,
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and A(xl, ooo¡ xþfl) > e] .

Lepma 1.8_: Let X be a HllberE space, Ê a given positive number. If

xl, orr¡ xl¡ G SX , A(xl , ...¡ x¡) = € , and for some a ) 0 , for alL

I - ezl(k-r)1rJ,1(lrj<kri+ j, ll*1 -"jll=",then -;-a2----
2 kL/ (k-1) '

and

k-1 xi+l + ,.. * x¡
k-i+1 xi-

k-1

Proof : I,Ie first shor.v the second asserËlon by indtrction on k-i .

12,
| = + ^, for all i, I < f < k-l .

For k-i=1:

I tl*r.-r - xkl lz = J- az .

For 1 < k-í < k-2 assune it is true for k-f . tr{e show fË t}ren holds for

k-Í+1"

By the -i"nduetit¡n hypothesís then

k-f.
k-t+1

and we would like Lo show that

k-t+1
k-L+2 xi-l -

SJ.nce

xi f ... * x¡
then

x1 f ...+*kl12 I ,k{+r ll =-;'" '

L,
=-ak

2

x1*...*x¡ I k-f / *t+t *...*x¡ \
= -- t{_: -r- -_--t 

- 

|k-í+t k-l+l - k-i+l \ t-r /

k-i
k-i+l

xl+l * ... * x¡

I 1., 
- "*' ir:;' . "t 

[ ['

k-i+1 -xi
k-1

-xi



and
x1 * ... * x¡

k-i+t

x1 * ... * x¡

k-f+1

k-i+1
k-t+2

LZ

= (-i:-_)'z

=(*i,).

xl+l + ... * x¡

x1 * o.. * x¡

k-i+l

x1 * ... * x¡

k-t+l

--rl -.rlk-t

t
2

Because {*1, ... , xk} fs

Pythagorean theoren thaL

I 1"1 - x1-11 12 = xi-1

a set of equldistant polnts vre have by the

l'. -"rl

iving

i 
-,_,

x1 * ... * x¡

k-i+t

t2

| = ll*1 - *1-1112 -

xif...*x¡
xi-l k-i+i

= ^2 - /_i-i_\ I ,'\t-r+t / z

=(,- kil)+^,
=(#H+)+",

-",11'

and hence

as required.

From this

k-2

Io
=<A.

2

notice t

(+ k-l k-t

hat

.ù

x3

xl " l'.
x2 * ... * x¡

k

* ... * xL

k-1

I

i'
o ooa | Þ

2k-1 k-2
x2 I l*r-r - *¡l l2



r3

1l
=-lkl

x2 + ... + *t I 12

"t-- k-r ¡i

I xk-t+xkl12
l"o-, - - i--l I' I l*r-r - xrl 12

Therefore,
I ^ e2/ (k-I)
T ^" = iil?Ëil'

which proves the first assertfon, and compl-etes the proof of the lemna,

Lenma 1.9: Let X be an infinlüe dinensional Hilbert space. Given an

lnteger k r k>2, there exlst equídÍstant points xl, rrr¡ xþ ¿ s¡, witÌr

A(xI, ... ¡ xrç) = /* 
j-\(k-l) 12 

. '*!/2. ïhus, ô¡(e ) ts werl def ined for\n-tl
each e ) 0, for sufficienËly large k .

!to€: Inle sho¡u there exist equidistant points xl, orr ¡ xl¡ fn s¡ç with

ll*i* *illz=r(-5-) foralt i, j, t( i, j(k, i* j. rhiswflt\k-t 7
tmpLy, by Lemma 1.8, that ff A(xl, ...¡ x¡) = e lhen

| / I a" \\ e2/(k-L), ('(-, //=;u*u ,

I a" 1(k-t¡72givfng r=(*,/ .kl/z asd.esired,

Since X is infini.Ee dimensional , ï¡¡e may choose yl , ..., yk e S¡ , and

(y1ry3) = 0 for all i, J, 1 { f, j < k, i * j,

I.le prove that xl , oor¡ xþ , defined as fol-lor,¡s, will be as requirerJ.
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xl=yl

N2=

xf=

aIYl 'l'

alyl - ajyj + alyi

azy2

i-l r
1^L.

3=2 K-J

where

for 3<f<k

for 3<i<k-I

i*l-a2
I

I
Af E - 

-

^ k-l

aZ = (L-aZ)L/Z

i-l r
a1 =(1 - l -j=z (k-j)2

ak=0 .

a2_
J ^2¡rlz

By tlre definitf-on of Il¡ re .¡ ]þe €rf r roo¡ âþ , 1t ts easy to see thaL

llxlll =.'. = llxtll = I .

A1so, in order to shor¡ ll*1 - *¡ll2 = r(1}) for att r, J, 1( t,

J (k, 1rJ, tr sufftces Ëoshow ll*i-xi-ll12=zfr?) for z<

<k.

For

I 1"2

t =7

qllz = (a1-|)2 "¡

=l-2a¡=

1<k-I:

deffniEion of

k-l '

,ao
2

'(

t,

3<

Èhe

=

1-

('r-I)2 + (t-aT) = u?- zut

(*))='('."ï) ='kï)

For

From

2<t
Al, oeo¡ âlç-[ l-t can be shornrn Ehat for each
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('#r) '

t\_---_ I

tu-nz /
1

(. (, -

t-t
a2= IIt J=t

i<k-l,llence, f or

I 1"1 - *r-r I

3<

12=
I(ar_r .r;l-l

ffiF)'^?,-,

ut-t)z * 
"?I

+u2
I

(k-t + 272 (k-r + l¡2

(k-i + z)2 (k-r + ¡)2

(k-1 +Ðz-t (k-r+Ð2-t

('

(

) 
...('-

)...

r) )...

('-*,u)('
(k-r +

(k-r + 2¡2

Ð2k-(

=(
(k-r + t¡2

(k-2)2 - 1

(a-t + Ð2 (k-r -r 3¡2

(k-l)Z - 1

&-Ð2 G-Ð2

2
+ (t ?

I

):
+

.:

-i
i
k

I (k-r + Ð2 - 1 (k-i + Ð2 - r)...

¡ çu.-z)2 - 1t.--.----
\ ru*rrz

(k-t)Z - 1

&*Ð2 (t-t ) 2

(k-t + 2¡2 (k-i+3)(k-i+1)

) (k-i + 2)2 (k-i + 3)2

(r-r+4)(k*i+2)
(k-r + r)2

(k-t) (k-3)

(k-t + 2¡2

(k) (k-2)

&-Ð2 (k-t ) 2

(k-r + 3¡2
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(k-r+2)(k-r) (k-i+3)(k-r+r) (k-i+4)(k-f.rz)
+

(*)

(k-1+1)2 (t-r+z)2 (k-i.+:) 2

(k-l)(k-3) (k)(k-2)

For L=k ¡

ll"¡ - xk-tl12 = (at-1 "t a¡-1)2 * "k = (2a6-1)2 + Q

= 4a2k-l

4(2+1)(2-l) (3+1)(3-l)

(2

(k-2) 2 (u

k-i+2) + (k-i)( 2)2í+

i+1

k-

k-(k-r+t¡=(

=,(*-) .

-Ð2

)*)=(

I

(

(

t

-+(*)
=,(*) .

(k-1)(k-3) (k)(k-2)

22

4(3) ( 1) (4)(2)
=æ

22 32

(k-2) 2 çk-t¡ 2

(k-1)(k-3) (k)(k-1)

(k-2) 2 çk-t¡ 2

g2

ThÍs conpletes the proof of the Lemma.
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The followlng lemma 1s based'on an idea cornmunicaEed by J. Ilagler.

Lemma l.l0:

fnteger k,

there exist

ô

Proof : By Lemrna 1.9

with A(z1r ..., zt_)

ll"i-"ill,t<i,j

t(*,))"'
Thus, again by Lemrna

then there exist xl,

I < i, j ( k , I r j

SÍnce

and

Let

its noduLus of

Let X be an infÍnite

k>2 randanumber e,

equidistanL poinls xl r

Given an

yl/z , rhen

..., x¡) =

...r Zk

1.8 Íf
that a =

é X, such that llrll = 1,

dimensfonal l1llberË space,
/ t< \(k-1)/2o(e. (Ël .

oeo¡ xLe S¡, wiÈh A(x1r

there exist equidisÈant polnts zL,

= / i \tk-t)/z . yt/Z. By Lemma\t-r I
{ k, i * 3 , then lt can be shown

esx,
a=

1.8, it suffices Ëo show that given b, 0 ( b ( a,

ooo, xþe SX , with ll"1 - "3ll 
* b for all Í, j,

X is infÍnite

(zrz1)=0 fora

"=('- (+)')

di¡nensional we

11 I, I < Í <

L/2

,and xi=

can find z

1,

bcz*-z' I
a

for each i, I <í<k.

xl, .oo, x¡ are as required, and the proof ofThen lt follows easily that

the lemna is complete.

Theorem l. l1: Let X be an infinite

k-uniform convexlty.

dl-rnensional Hilbert space

Then all of the followÍng

and

are

ðk

true o

(Í) For any gi.ven e ) 0, lim ô¡(e) = I .
þ->ø
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... , xk+l(ff) Cfven an lnteger k, k ) lr xlr

xk+r) . (.}})o'' ,o*r.¡L/z .

o(e.(î')-,'

k+l \ (n*t> Llk )

Proof: The following equation, whose proof follows fron

the norm th.e lnner product, holds for every

e S¡ r then A(xt, ... ,

,k aninteger, k>lrEhen

the definitlon of

lnteger k :

(k+r) 1/z

l''ô¡(e) = t -(t

in terms of

*3'l['

(lii) Given e,

partlcular glven

x2*".*x¡

i
k

x

k
llxll, * ol' 

llyl12 - -+ llx - yl¡2kv2

In

yÉ

Xl , ...,

, thaÈ

xkc

xl +

we have by

x2*..,*x¡

Ètlng x=xlrand
y2t_t-
= I llxlll2

k

l-e

k-1 Ã

.LJr aaa I

)lt'
(k-l)

k

*xk

lxll-.+
Ir<

x2 *...k-1+---
k

x2+ ... * x1ç ¡2

| ,.,

xkx2

1",y2

1",

¡2

I n...3+-
4

+ (o".'I- 41

k-1

¡2
I

I

k-1

k"1 k-1

Now, we r^rill show the following fact by induction:

Given xl, .e o¡ xl4 c SX , then

I

l"*-t
x2

_ itl:"-
ll'2

* ... * x¡k-1+---
k k-1 l')

- .21 12)

þ--,

xk-z -l- ... * x¡

Fork=2 l*r-x2ll2=1
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by the parallelogram law.

Assume fact ls true I.le show Lt chen holds for k + I .for k.

Bv (*)

I x1 +x2t-

kl1-11k+l \

t2

I

hypoLhesis

x2 * ... * x¡ *

I 
llxrl12 +

k+1

x2 t ,.. + *t+t ll2- k ll

k

k+l

x2 * ,.. * xk+l
x1

t'(k+t)2

and by the Lnductlon

xl + l'
l=

I 
ll*rl12

k+1

.+il

3

4

x2

t lt
- 

-t-k \z
xk-l +

+

r
2

T

1.,-

(+

x¡ * x¡.¡1

ri'

xk-l + x¡ 'l' x¡¡1

l*-,
x2 * ... * x¡ç1

t-t!

I l"¡ - x1ç¡11 12 -F

ll*-'
x¡ -l- x¡.u1

il' 
. ...

r)

2+-
3

l12

2

+

')

l[*-, 
- jsjfo1 

l'

* .n. * xk+ll"z
i*t - -I

k-r I.l--l
kl

_ n_l
(k+1)2 I

= 1 n *i- - =! (4 ,r*r -k-t-l k+t k+l \ z
*r+rr P*+l l*-'-

ll'
. +l l-, 

- ", n ::: * "'." 
I l')

k

(k+r)2

I
=]-

k+1

k ll. ¡.r lþr

7tk-2'

x2 * ... * x¡¡1
as required.
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Às mentloned above, since (X, I I I I ) ls a Hilbert space we know ÈhaÈ

given xl , ror¡ xtç € X, A(xl, ...¡ xþ) = dist(x1 , l*2, ¡.., xkl) .

A(xz, ... ¡ xlç) .

Herrce, Lnductively, A(xl, ...¡ xþ) = dist(x1, lx2, ..

[x3, ..,, x¡J) . r.. . dist(x¡-2, [*t-t, x¡J). ll*¡-1

Let d1 = díst(x1, [xt+l, ..., x¡l), I < t ( k-2,
dk-l = ll"¡-1 - x¡ll .

Then A(xl, ..., x¡) = d1 . dZ .r. . dk-l .

rn order to show 
ii: 

ô¡ (e) = I for a given e ) 0

xl, oor¡ Xþ c S¡, and A(xl, ..., x¡) ) e .

From the fact proved above

, x¡l) . dist(x2,

- *¡ll .

l-et us assume

3

4

for 1<1(lc-2 ,

and dk-t = ll*t-r - *¡ll .

l{e know d1 . dZ o oo¡ . dk-l = A(xl, .o., x¡) = ß for some ß } e .

Let us nor,r define functions f and h from Rk-l lnto R by

h(e1, e2, ..., ek-r) = + ( +.í-, * * "?.-rr ... * + "1r, and

f = 1 - h , where (el, e2, ,.., ek-l) e Rk-l .

xk-t + "k ll2xk-z - , ll

I xk-2 + xk-t + xk [12 k-l I Il"o-,- 3 -ll |...*;-ll"t

<r-llt.ur +Laz *aaz *...+ k-l 
¿z\.k \2 k-l 3 k-2 4 k-3 k Il'

sLnce d1 = dist(x1, [xi-f t , . e ., x¡J )

| *f+l + ... * x¡
txf--
I K-l
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We show thaÈ h attaLns an absolute mlnLmum value on the closed surface

C = {(el, oor¡ êþ-l) : el . eZ ... . ek-l = ß, and (el, ..., e¡-1) e

Rk-l ).

Thfs fn turn wLLl lmply that f actains an absolute maximum value on thi.s

surface.

Notice that, since h is conÈlnuous and its.range ís [0, -), p = hlC is

contlnuous and its range Ls contafned ín [0r-) .

Ptck (el, e2, ..., ek-l) ln C , and let L = p (el, e2, .r.¡ e[-[) .

since (e1, e2, ...¡ êþ-l) c p-l ([0rLJ) and [0rL] 1s a closed set Ehen

p-l ([Ort]) is a nonempty closed subset of C .

I,le slrt¡w p-l ([orÏ,]) fs bounded. If not, we can flnd (^L, a2, ..., ak-I)

in p-l ( [0rL] ) of arbltrarily large rrof,ln¡ But this would rnean being abLe

to find (aL, a2, .,., ak-l) fn p-l ([OrL]) with aE least one arbttrar-

1Ly large coordinate, However, Lhls is not possible slnce then p (a1,

r o o, Él¡-1) would be arbltrarlly large and 1n particular larger than L .

Therefore, p-l ( [Ort] ) is bounded and thus compåct.

Slnce p-l ( [Ort] ) ís nonenpty, p is defined at each of lts el"ements and

by cornpactness it rnust attaln a minfunrrm value aE some point Z of thls

s et.

Suppose now that Y € C. If Y e p-l ([OrtJ) rhen p(Z) < p(Y) by the

choice of Z , If Y + p-l ([0rLJ) rtren p(Y) ) i, since p is

nonnegatfve. Hence p(Z) < L ( p(Y) and thus p at-talns an absolute

mfnlmun value on C at Z .
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Define g: Rk-l + ¡ by g(el, ..., ek-l) = el . 
"2. ... . ek-l - ß

where (e1¡ ..., e¡-1) e Rk-l ,

Since f achleves a maxf-rnum vaLue on the surface for which the funcElon g

ls equal to zero, then we nay use Lagrangers Ëheoren lo conclude thaL there

rnust exfst l. , a real nunber, sueh that Vf(z) = ÀVg(z) , where Vh

denotes Èhe gradient of the function h .

By the definltlon of f and g it can easlly be seen thaL

(å'ä'""*;) =( +(+)"" +(#)"'""
+(+) ek-2, +(+) .o-,)

and

ffi'å "'o'*;)= ("''e3 ""'ek-''¡ €t'e3'o" '

ek-rr r.r¡ êl o ro¡ . "n-, ) 
.

Takíng 7 = (bL, ... , bt-l) vre must have then

z/k-r\
-î(, - /ot=Àb2'"''bk-'

2 llK-z\
- î ( -t ) 

b2 = tr bl' b3 o"' bk-l

:

+(+)to-, = À bl' bz "'' bk-3' brc-l

+(+) b¡-1 =)'b1 'bz ""bk-2 '
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For each 1 r I < f < k-I, nuLtlply both sldes of the ith equatlon above

by b1 , and subt,ract fß from both sides to obtal.n the following

equatfons I

+(+) bî -rß=Àb' bz ...'bk-r-rB=o

k \u_i/b2-ÀÊ=o

:

-,' (,\
k tr)oí-r-rß=o

*Hoï_,-Àß=o .

' z (+)oî= * (*) otr=...=-#(Ð,i_,Thue À=-- kß \ k tL

grvins(+) 
'î =(#)ú=.,. E(*) '1, .

rrence (+'î )u-'=fr*o; )n-'ê...=(+oï_,) 
n-'

= t:1- oz . n''- r, , o¡r . -1 gz
k I k-L 2 2-k-l



+(
l^

--b¿
2 k-I
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t
+--bz3 k-2

+ ... +
'î )

Therefore f(Z)=1-

=l

and as seen above

t
t-K

(,o-',

III - .-- 
\(k-r)).

ß21&-r)

kll(k-l )

'?).
f(z)

t/
-- (. (k-1) e2/ (k-t)

¡1l (k-1 )

Suppose norv that xl , . .. ,

. (k+l)r/2 , k > 1

Then, as seen above, we have

xl + ... f *k+l

k+1

which ls a conËradictíon.

and the proof of (i1) is

,(#-)-"

(k+1)

((+)-"

Llk )

/a\z
&+rf /z)k

k.+1 (k+r ) 1/t

=l-l=0

Hence

comple te.

/ t+t 1k/2 L/2
A(x1r eco¡ x¡.u1).\ 

_ / 
(k+t)

ll*t+...*"kll2 t / I ^ Z ^ k-l!!-ll < 1 - -*l-- ¿z + ð.¿ +... +-il k ll k \2 k-I 3 k-2 k

s2/ (k-1)
=f-

11/ (k-l )

LeÈting k go to infinity we get from this inequality that

xl + ... * x¡
+Q

Thus, we mäy conclude that

k

lÍm 6k (c)
k+-

= I , whÍch proves (i).

xk+lÉS¡rand A(x1 r ..., xk+l)

¡z

l'1-

<i-

k/
k+l \

A(x1, ..., x¡¡1)2/k

sl-nce ß)e.
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From above

(k+l) Ll2 ,

and

k+l -i

It is clear

then

ô¡(e)>1
k

k+1

thal for a given erk)lr0(e( ( ï')-""

-(' (d*')I"
Xl , oorr Xl¡al ln SX,By Lerama 1.10 we may choose equidistant points

with A(x1, ..., x¡ç1) = e .

From Lemma l.B if a = I l"i _ *31 l,

t_a2=
2

1<1ri

e2/t<

¡¡¡1¡ l/k

{kri*jrthen

t

1",

xi+l -l- . '. * x1*¡1 2

l=L^z forall i,r<i<k.ltt-(r+r¡ - r+l 1.

Frc¡n above we know that

so

(;' lxt-xt<+tl12+...

x2 * .., * x¡-¡1

f)1-t!

(-(+ "))k

))"' 
.-('-

ll'=,-

=1.-

1

k+1

"h(-
2lk

r¡ 1/t'(k

Þ

+

k/=l--.-.tk+l \

wtLh (**) finplies

e2/'x

(k+t) 1/k

#( e2/u
ô¡(e)=1

ll xt+...*x1s¡1 n2 Ill-¡¡ = 1

ll k ll k+r

k ll
+ ;; ll"r

x¡. *... * xk+l

whlch together

¡¡¡1¡ t/k
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Thls proves (ftt), and the proof of the theoren is complete.

In the nexÈ chapter we will exhlbiÈ an interesÈing consequence of

(f) of thÍs theorem.



CHAPTER II

Normal Structure and Superreflexlvity

The prLncfpal purpose of this chapter ls to investigate some struc-

tural propertles of Banach spaces un<ler cerÈaln area-relaËed convexit.y

conditions. The material we present orlglnated from an atlempÈ to charac-

terize all spaces lsomorphic to superreflexive Banach spaces in terms of

these conditions. However, because of the nonLsomorphic nature of these

propertles, it was Èo become apparent that a characterizaElon wlth respect

to Èhe Êtructure of the space would be of greater feasibility.

Thanks to some deep and fascinatÍng arguments due to R. C. James

Ill, L2,13, 14, 15] an<l P. Enflo [B], superreflexiviLy has been shown to

be equlvaLent Ëo severaL other geometrlcal and topologlcal- propert,ies of

Banach spaces. Because of lts sÍgnlflcance t,o our sLudy, we first coltect

some of Èhe mat,erial that pert.aÍns to these characLerizatlons, including

Jamesr definition r¡f superreflexlvÍÈy.

Definition 2.L: Let X and y be Banach spaces. Y is flnitely repre--

Z of. Y and each

+ X for which

Definitlon 2.22 A Banach space X is superreflexive if every Banach space

rvhlch ls finlteLy representab-le in X is reflexlve.

The next definitlon concerns Lhe ffnite tree proper|y.

Definition 2.3: A Banach space X is sald to possess the finlLe Èree

e ) 0 such Lhat for any positive lnteger n

27

sentabLe in X Íf for each finj.te dimensiorral subspace

posltf.ve nunber e there exist.s an f.somo::phism T : Z

(1-e)ll"ll < llr(")ll < (r+e)llzll rr z c z .

property lf there exÍsLs
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there exLsts a subset txf : I { I < 2n

(*Zi + x2ç1.)12 and ll"Zr - *21¡1ll

1) of B¡ for which xi =

foreach irl<t<2n-1-1

Deffnition 2.4: A Banach space X ls

positive number ¡ such Lhat there do

for whlch

unffornly nonsquare if there 1s a

not exLsL members x and y of B¡

>f-¡ and

follor,ring theorem whose

and Enflo [8] connects

of superreflexlvity.

l#ll,'-.l".rllzl
The

13, L4, 151

terizatÍons

Theorem 2.5:

Lent.

(i)

( rr¡
( irr)

(iv)

(v)

(vr)

proof was obtained by James [11, L2,

these notlons and several other charac-

The followlng conditions on a Banach space X are equiva-

X is superreflexive,

X does not have the finite tree property.

For some e ) 0,0 ( e ( 1, and some poslÈive lnteger n, there

dr¡ noË exist subsets {xl, .. . ¡ x¡} of B¡ and tft, ... , fn}

of BX* for which f¡ (x1) > e lf k ( i, and f¡ (x1) = 0 if

k>1.
For some e ) 0r 0 ( e ( l, and some posltlve integer n, there

does not exist a subset {xl, .n.¡ x¡} of B¡ sueh that, if

1 ( k ( n, then díst(conv{x1, ...¡ x[], conv{x¡ç1, ...¡ xn}) > e .

X is lso¡norphic to a unlformly convex Banach spaee.

X is isornorphic to a uniformly nonsquare Banach space.

As mentLoned earLier Ì{e ¡.rould like to determine conditlons concern-

ing lhe concept, of area and thelr relationship to superreflexlviËy. Itllttt

this purpose 1n rnlnd we now introduce a list of definltlons whose central

Eheme 1s the noEion of area.
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Deflnltion 2.6¡ A Banach space X is sald to have properËy A íf there

exist Errrô, wlth 0(e(1, m anlnteger, rn)Irô)0, suchthat

whenever {xl , .. . ¡ x¡1} 1s a subset of B¡ , ttren

dlst(x¡¡¡ [xm-1, ¡.., xl]). dlst (**-1, [xm-2, r.., x1l)....

, dist(x3, lx1, x1ì) ' 1"2 - xlll ( e

x1 * ... * x,
>l-ô .

Deflnitlon 2.7: A Banach space X is said to have property Ar if there

exÍsL Ê¡Dr6, wich 0(e(1, m anint,eger, n)1rô)0, suchthaË

whenever {*l, ...¡ x¡¡} ls a subset of BX, Èhen A(x1, x2, ..., xr) ( e

x1 * ... * x*

[' ' - o '

if

tf
m

Definltion 2.8: A Banach space X is said to have property B if there

exlsL ô, il, wlth ô ) 0, m arr lnteger, m ) I, such that whenever

{*I, ...¡ xsl} Ís a subseÈ of BX, then dist(xo1¡ [xm-1, ..., x1l).

dist(x*-1, [**-2, ".., x1l) r o¡e . dist(x3, [x2, x1l) . ll"2 - "1ll < 2m-1

. (l - 6) if,
x1 * ... * x,

m 1,,-u

{*1, .o.¡ x¡1} Ls a subseL of tsX, then A(xt, ...¡ xn) < 2m-1 (l - ô) if

l*t + ... * xo, llI - -ll"-u '

Deflnftlon 2.9: A Banach space X is said Lo have property Br Íf there

exlsL 6, o, with ô ) 0, m arr integer, n ) 1, such thaL whenever

By Lernma 1.3, since A(xl , ...¡ xs¡) > dist(xo,, [**-1, ..., x1J) . ...

. dfsL(x3, l*2., x1l) . ll*2, *tll for any xl, ..,, x¡r e X r property Ar
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frnplles property A and property Br 1mp1-ies property B . I,le will

confine our aLtention mostly to propertles A and B . Clearly, property

A ls a sufficient conditlon for a space to have property B , and as lqe

shalL see, from an example due to L. A. KarlovlËz [17J, properEy A 1s the

sÈronger of the two. Since Karlovitzrs exampLe aLso depicts some other

propertles of Banach spaces which we sLill have not defined, we wiLl del-ay

Lt,s presentatLon until later fn Ëhls chapter.

l{e know that if xlr ...¡ x¡¡ G X¡ X a llilbert space, then

À(xl, ..,¡ xn,) = dist(xr, [xm-1, ..., x1l) . ..¡ . dist(x3, l*2, x1l) '

llx2 - xlll . So, lntuitively, lf we think of dist(x*, [x*-I, ..., x1J) .

..o . dist(x3, [x2, x1]) . ll*Z - xlll "" an alternate definitlon of area,

xI, ..o¡ Xs1 G X¡ X arr arbitrary Banach space, then a Banach space wlth

property A can be thought of as unffornly not having, for some lnteger

m , arbitrarily flat m-dimeusLonal" convex reglons on the unit sphere of

area arbllrarlly cLose to I . On the other hand, Banach spaces having

property B do not have, for sone lnteger m , arbltrarily flat

m-dimenslonal corrvex reglons on the surface of the unit ball of area

arbltrarily close to 2m-1 .

Intrinsic in the deflnitÍ.on of property B is the fact that

m-dimensional convex regions in the unlt ball of area arbltrarily close to

2m-l have edges of length arblÈrarily close to 2 . In conLrast, whenever

the area of a m-dimensfonaL convex region ln the unlt ball is arbitrarily

close to I , it does noL follor^r necessarlly that the l-engÈhs of iÈs edges

are aLso arbitrarily close to I . Thls Last facl, then, makes property A

less suitable for certaln calculatlons.

That Banach spaces possessing property A are superreflexlve fs

essenLiall-y due to l.l. Davls [4]. The proof is presented next.
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Theorem 2.10 (Davis): If a Banach space X possesses property A then X

is superreflexive.

Proof: If

I, and a

Xis

poeltive

noE S

lnte

of

>i

by Theoreü 2.5 glven e, 0 ( e (

subsets {xl , ... ¡ x¡1} of B¡

(*f) > e ff k< f., and

I (ft (xt) + ... * f1 (xo¡))
m

hen

xist

f¡

_\=
/

t

e

h

xm

exlve,

there

r whic

.L

t

uperrefl

ger m,

BX* f c¡

. Then

l*t+t--*
\

and {fl, ..., f6}

f¡(x1)=g tf k

l#11,"
I
-"og=e

1-1
Given lr2{i(mr.and ze lxlrror¡xi-]] then z= I.Àj*j wlth

J=I
t-1
I l.r = I .

¡Ir J

Hence llxl - "ll > f1 (x1 - z) = f1 (xi) - f (z) ì e - 0 = e r so

dist(x1, [*i-1, ..., xl]) > e for all Lr 2 4 i ( n, and therefore

dist(x*, [x,n-1r..., x1l). dist(x*-1, [*on-2r..,, xl]). r...

dist(x3, [x2, x1l) . ll*2 - xlll ) en-l .

SÍnce e ls an arbÍtrary number between zerrr and orre and m 1s any ai:bi-

trary posíttve integer, we get that X does noE have propert,y A , eontra-

dicting the glven hypothesÍs. ÌIence X must be superreflexive.

A rather exceptional ldea fs the heart of R. C. Jamesr proof thaË

unifornly nonsquare Banach spaces are superreflexive [121. irle take aclvan-

tage of this idea Eo irnprove Davfst resul-t as follovs:
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If a Banach spaee X ls not reflexlve, then gl-verrTheorern 2.11:

m an Lnteger,

dist(xg, Ix[+I,

I, there exist,

x*l))2(1-ô)
n)

aaa,

Kn

-=1 
foral-l

Kn
n , there nust

Kn-l - s

6)0,

e)0,

Ç-e

xl, o. o ¡ x¡¡ ln B¡ such that,

forall Lr l<ß(n-1, and

xl+x2*.., *xm

1,,-0.

llence, ln partlcuLar, properÈy B inplles reflexivity.

Proof3 R. C, Jaues [11] has proved Lhat since X is not reflexive, for

soúe 0, 0 ( 0 < 1, there exlst sequences {zy}, {f3}, ln B¡ and BX*

respeetivelyrsuchthat f¡(z¡)=0 if j<krf¡(z¡)=0 tf j>k.

Followlng Jamest argunent, ff n f.s a poslLlve Ínteger and if pt ( pZ (

..' ( p2n fs a sequence of posf-tive lntegersr Let S(pl, ..., pl¡) =

{x e x : f5 (x) = (-t)iO if p2L-L < j < p2ii, and Kn = lirn inf(lim tnf
pl p2

(... (ttn tnt(infllxll ¡ x € S(pt, ..., p2n))) ... )) for each û o

P2n

Notlce that for each ", ,!, 
Qnrr- ,vrr-, - t) (-I)ro s(pt, ..., p2n) .

ÏI
Since ll I (". - z ')ll ( 2n then Kn ( 2n for all rl.

i-t )zi 'PzL-r - "

of K" wehave Kn+l)Kn. Let ô>0rm)lranAlso by the definiÈion

lnteger, be glven.

Kn
Since ---_<1 and

Kn*1
exist

-ð andand n a poslti-ve fnteger so Large thaE

>L-ô.
Krr*e

>r
Krr*e
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For this n there exlsts a posltive integer p such Ëhat if Plr P2' ...t

P2narepositiveintegersrvithp<pI<p2<...(p2''thenll,ll>

Kn-e whenever ze S(plrp2r...¡p!n), and ll"ll)kn-1-e r¡henever

z e S(pl t p1t ,.. , p¡rr-Z) .

Choose positive integers pi, err.c. oå", oT, pl, ..,t pl't nl,, n|r...,
olr,, "', n|-t, Pm-l' "', ni;t, oT, oT, "', P|rr, such th¿Ë

o.ni ,ro1<pï <o'i *...<pï <pT<nl .oå <p7<n\r...

... ( nî-t . ni-t . nä < ni < nf < ,!, oI. n3

... ( ol-t . nî-t . nî < ni < nf < n), o]or r?

... ( oä-t. oî-t. oä. oî < nf < nå. oå < nfr <

"' ( plr,-a < pär,-¡ < pï.'-z< pån-r < ptrn-z< p2i..-t ( n"

... ( nî"lr. nî-1, , oin-r. nä"-r. nå" , rl^t nl" ( n" oä;t t oä" ,

so l-ar-ge that there exist ul , e cr 1 u6 e X , with

ut . s(el , vl, ... , p|rr)

vz o stnf , nl' ... , vln)

:

un-t € SCni-l, pm-l, ... oi;t)

ün . s(pT, pl, ... , p|,.)

and ll"rll, ll*zll, ..., ll"*-111, ll"*l| <rn+e.



Let

By the definlËlon of p if

Str2(í(m, then llzll
ul

LetLing xl=-rx2- Kn+t

sr =

s2=

s3=

s4=

Sn-1

Sm=

s(nf, nl,

s(på, vl,

scn!' v3r,

stnl, vl,

oi, ol, 'r',

n!, o?r, .,. ,

n?'"o'¡"'

n3'oX, "'|,

34

ni"-r' Pl,,' )

nlr,-l'' 
'ïn-z)

'lr-r' '3rn-z)

nl"-,' 
'ïn-z)

z e 51, then l lrl I

)frtt-1 -e.

u2
= -:--l--- , ...¡ X1¡¡ =Kn*e

) Kn - e , and íf zc

u¡n

, Ëhen
Kn*e llxrll,

Ik+e
llxzll' o.¡, llx*ll ( -:-- = I ." Knf t

I'Ie no¡,r shor^r disË(xg, [*g+l , . . . , x¡1J )

Suppose y e [xg+t, ..., xn], 1 d I (

mm
Then y= I lrr*n with I Àr,= I

n=9fl n=l*l n

,r=f,*,^"t" 
- t*

By the de finltion of
m

I l,t
,r=i,+l t t

st+

lmlr
ln=4*1

-1

ll,

it carr be shor+n that e S¿.¡l r

I

t'

uL

hence 2l
2 (t - ô),ffi:3

Kn-l-e andtherefore Àrrxr, - xg



ls arbltrary ln

6)11<f,(m-l .

3s

[xg+tr ¡.., xrn]Slnce

> 2 (1

Hence dlst(x1,

dist(x,n-2, [*r-1,

xl

Kn-e>->tKnfe

LeL ô)0,

rf lll . lll
Y1, ..' , Y_m €

v then dist(xg, [xg+l, ... , xoll )

lx2,

x*l )

*x2

..., x¡1l) .

' ll*t-1 -
* ... * Xtr1

dist(x2, [x3,

*o.,ll ; 2n-r (1

l' ' - o '

..., x¡¡l) ' ... '

- ô)n-1 .

u1 * u2 -F ...

Now we show
m

u1 *...

of

*um

By the deflnition S1 lÈ can be shown that

hence e , and therefore
m

-ô.

Then there exísEs

nonreflexlve.

*um

--Ésl
m

x1 * x2 * ... * x¡
l'*"-

Thus xl, . o o ¡ x6 satfsfy the deslred conditions, proving the first part

of the theorem.

Slnce 6 ) 0, and ro ) 1r âû lnteger, are arblÈrary, Þ¡e geL that if X

is not reflexive then iË does not have property B , which Ís Ëhe second

assertion of the theorem.

Theorem 2.L22 If a Banach space X has property B then X is super-

reflexive.

Blqg{r Suppose X is not superreflexLve.

Y a Banach space finirely represeuEablein X,and

and m) I, an Lnteger, be given,

the norrn orr Y , then, by the prevlous theoren there exist

such that disl(yg, [y¿+1, ¡.., yn]) > 2 (1 - ô) for all

Ís

By



Y1 * ...
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*yn
!,, I < .{, ( m-1, and lll,'-6.

Ym'Let Y, be the lÍnear span of yl, ...,

Let xl =

ls f{nitely representable in X then th.ere exists an f.somorphisra

X for r¡hlch

(r - ô)

ffilllvlll<llrlv¡¡¡ <lllvlll rr Ie Ym.

Tyl, rro¡ \, = TIm .

Then from above llxlll, llx2ll, .o., lf "*ll < I .

Sfnce

TrY*

Y

+

Alson if

llxs-xll >

ñl

I ÀnYr, .
n*1.*1

llence

and

= Ï Ànxn wÍËh i Àn=lrl{.g(rn-I ,thenn=Í*l n=[*l

ffi llb* - ylll , #. 2(r - 6) where y =

dlst(xs, [xg+r, o.., xm], t Jft':!å for al1 1,(1 + ô)
dist(x1 , [*2, ..., fu]) " ... ' dist(x6-2r t**-f , x*])

1<.9(rn-l ,

ll**-1 - "*ll >

, (r - 612m-2
2m-I -' .___" _

(t + o)n-r

x1 * ... * rco,

SinilarLy

Since 6>0rand > 1 , an integer, are arbitrary, we get lhat X does

not have property B , contradicting the given hypothesis. Tt,erefore x

must be superreflexl.ve"

I tr - ô)
r) -:---- (l - ô) .I (1 + ô)m

m

ïhat property A and properLy

a Banaeh 6pace to be superreflexlve is

theorem.

are not necessary cotditions for

easy consec{uenee of t.he nexL

B

an
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Theore¡n.?.13 (van Dulst and Pach [6]): Let 'X be an lnfinlre-dirnenslonal

Banachspacewfthnorm ll. ll. Thenrhereexlstanorm lll lll on

x , equlvaLenL to ll . ll , and a sequenc" ç*.,)i=l tr x such that

lllx"lll=t forall n,
I ll"1 * ... + xoll I I

=l forall mraod
m

lllxn -zlll >Z forany Lrk, l<Í,(k, and z e fxg¡¡.r..., xkl.

Proof: rË ean be shown that there exist K ) 0, (yn);=' a sequence on the

unit sphere of X , ,4rî=O a seguence in y* , where y i;; the Banach

space generated by (yn);=' , satisfyÍng the followtng properi:.es [5]:

(i) (yrr)' ^ fs a basic sequence.
n=U

(1i) Whenever I "ryrcY,llI a1y1ll<Klll aryill fo:call D.
i=l f=I 1=1

(rrr¡ Ï*(yrr)=o Íf n*mrl(yrr)=t if ïrEnìr

(rv) llt-ll < zr for all n o

n

For each n Let y* be the llahn-Banach extenslon to X of y' .nn

Also for each o r û ) 1, let xn = Y0 - Zyn, *n = yl + yo .nun

Ifedefine lll .lll on X by

lllxlll = sup ({+ ll*ll}u{lx* (x)l : n = r, 2,...}) for x e x .3n
lll. lll iscLearLyanormon X.

By the deffnitlon of **
n

ll"o¡¡ < llylll + llyoll < 4K for all n ,n0n

so l** (*)l < +r llxll for all n and all x e x rn

and lllxlll < ***1-L, 4K) llxll for alt x c x .
3
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Since

lll.
for all

.ll.

Zy,') + y*
m

rf (zr"¡

arso ll l*lll r + ll*ll
I I I is equlvalenL to I I

xéXriÈ foLlows that

By(iif)if m*n Ëhen

x* (x,r) = yä (yo -

= rf (ro) -

(vo - 2yn)

+ y* (vo)
m

(2yn)

I for all fI¡lllr

*'v
m

and if m = ¡r then

x* (xr)
m

=l-0+0-0

=l

rf (vo) rf (zy"¡ * yl tvol - y* (2yn)
m

and lx* (xn) I =
m

=]-0+0-2

=-1 .

Also ll"nll < llyoll + llzynl I = 3

llence lllx"lll=
I

Similarly, l**
I n+i

llt

m
=[

m

1

(

for aLl n o

x1 * ... * xn,

)l=
foralJ- m, so

x1 .l- . .. * xal

Again, l** (*4 - z) I =

conpletes the proof of

for al-L Íl o

l-t - tl = 2 ¡ her¡ce II lxg - zl I I > Z wht.ch

the theorern.

ll='
Suppose noÌr that z e {xg¡1, .r., xk], I d ¿ < k.

kk
Tlren zã I fi*i where I fÍ*1.

j=n+l j=1.*1
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In spfÈe of the l-ast theoren, the fol-lowlng result shor¿s thaÈ under

cerlål.n clrcurnsLances, a Banach space wlth a glverr rroru lll . ¡ll has

prûperty B ,

_TIggg__Llå¡ Ler X be a Banach space, and I I . ll irs uorm. If for
ll*1 + ,., * *¡aill

some e t O 
** 

ô' (e) = 1, where 6' (e) = inf{l -

ll"lll =,,. = llx¡..1Íl * r land llxr --el I . dG(x3, t*r-r*D. .". .

dl.st{:'.ç-¡1, [xt, .o.* xk]) > e] n rhen (Xo lll . ¡ll) has property B

t+henever fcr sone A, c > 0 ¡¡irh + t I, a l l l*ll l

forall x.e X.

.rrguÉ.: F'or any x e x l"er tl*ll' = + llxll , rr is easy ro show rhar

we sl.[-11 get ]"im ôJ (e) = I Lf 6_t rs now defined ín rerrus of ll . llt.
!ç->æ k k

!'rom the hypothes{s çre no¡q have
A

T- Ill"ill < llxll' < lll"lll for al"t x e x (*) ,
C

As.eume (f, III IIl) doesnolhavepropei:ty Bo

CL'ick Mrî<^\Í<2.

llJhen., in particular, glven any irrLeger k , k > I , there exisL xr, .tr,

k+1

lll"f .þ... +"+lll
xlq,, illx¡lll, .,&, l!f"r.lll ( I , wtrrr ) .9 , ancl

lllxl - x2lll . ilãE(x3, [x1, x2))" ].! . ãG?(x¡.., lxt, .,i, xlc_t¡¡ ¡ yk-t,

rvhere ?î,il(xt, [*1, ¡ r. ¡ xi-l] ) is dis'(xi, [*1, ó. r , x1*1i ) ca.lculaterl

wJ.th ¡ti . lil i

ll*1 +...+x¡.ll ' A>.9.-_.
c

By (.¿) llxl l lt, . o,, l lx¡l lt < I , ancl
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A
Also, since -:-.M>1, ll*1-*2llt. dlsrt(x3, [x1rx2l) ô ooo,

c

/ ¿. \k-1dlstr(xp, [xt, ..., x¡-1Ì) t \ã, 
. lll*1 - x2lll . ããl(x3, [xt, x2l)

/a\k-l /¡ \k-1o o.¡.ãIF(x¡, [xl, ¡ro, x¡-1J) ) t./ 
. ylc-l = \î-l )e for

sufficlently large k , where distr (x1¡ lxl, .. . , x1-1 I ) is dist(xlr

lxl, ..., x1-1J) ca]-culated with ll . llt .

Thus, from above it ls clear that lim dJ (e) t 1 , whieh is a contradie-
k+* k

tion.

Ilence (X, lll .lll) rnusrhaveproperty Bn

cpryqgg.¿:_lå: If (X, ll .ll) isaHitberrspacerhen (X, lll lll)
hasproperËyBwheneverforsoneA,C)0r.¡ith1->',¡Illxlll<

c2
llxll < c lll"lll for all x € x .

ålnçS.: By Theorem l.lt 
ii: 

ö' (e) = I for any e ) 0. By Theorem 2,14

(X, lll ' lll) ¡nusu have property B .

As rve shall see, lt 1s a consequence of the last coroLlary that the

r;pace gtven Ln Karlorrltzrs example has propert.y B .

Beca'¿se of Theorem 2'13, lt is evident that proi:erLies A and B

should be examined fron the iscnetríc point, of vfew, T4rith thls in mind, we

shovr that spaces saElsfyl-ng elther of the two area related condiLions alsc

possess so¡ne special geometrfcal structures related tr¡ fixecl points.

Deflnltion 2.16: Á, Banach space X is said to have normal structure if
for each bounded convex subseÈ l( of x, consisti:ing of more than one

poj.nt, there lsapoinL xc K suctr Ëhat sup[llx-tll : ke K] (cliam(K)

= sup{lltt-tll : hn k e K} .
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Deflnition 2.I7: À Banach space X i.s said to have close to normal

structure lf for each bounded convex subset K of X consistlng of more

than one polnt there 1s a polnt x e K such rhar llx - tl I ( dlan(K) for

al-l k e I(.

Throughout thls chapter a subseE K of a Banach space X w111 be

caLled abnormal- whenever K is bounded, convex, consists of more than one

point, and for aLL x€ K sup{llx -tll : ke K} =diam(K)

Intuitively, Ln a Banaeh space having normaL (cLose to norrnal)

strucËure, every bounded convex subseL has at least one point that acts as

its "center of mâsso

Banaeh spaces with normal structure are of importance because they

satlsfy the flxed point property [ 18], whlch we define nexL.

Deffnition 2.lB: A Banach space X is salcl to have the fixed point

property if for every weakly compact eonvex subseL K of X , and every

mapping T: K+K whichis nonexpansive¡ i,ê. llr"-trll < ll*-yll

forall xry€Krthereexists zeK with Tz=2.

We wll-l show tirat Banach spaces possessing property A have norrnal

strucEure so thaL Lhey also musL satisfy the fixed polnt propert)'. First

we consÍder some preliminary lemmas.

Lerma 2,I9¡ If K is an abnornal subseË of a Banach space wiËh diam(t<) =

I , then, given (ßn) , a c{ecreasLng sequence of posltive nurnbers

converging to zero, there exlsts a sequence (xn) ln .I( such that

llxi.-zll > 1-gt whenever z eco(x1r..., xi-l), i> Z.

Ploo!: By 1n<iuction we choose (xn) l-n K satisfying the following

property:



[ *t + ,.. * x1-1
|--:-:_--- - xfi r-r
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ß1
>1- for t>2.(i-t)

Êr>1* .
t-1

x1 * "". * x1-1

1-1
-xl

Sl"nce K*0rplck x1 e K.

K belng abnornaL Lnplles we may choose x2 e K wfrh ll"t - x2l l ) L - gz
92

= | * -::-:¡- so Ëhe property hol-ds for î = 2 .
( 2-i)

Suppose it 1s true for n = Í . IrIe show Lt hol"ds for n = i*l .

By the Lnduction hypolhesls, we nnay choose xl, ¡.., xi e K such thaË

x1 * ... * x1-1 * x1
By the convexfty of K, 6 K r so again since K ls

abnornal $¡e nay choose xi+l wfth
x1 * ... f x1 i e i.rr

lt'-ï---- xt+l

F*.r
= f - as required, Hencen lre may choose (xn) tn K satÍ,siy-t+l -1
ing the gl,ven property.

Nor"r, suppoee z e co(x1 , .¡..r xf-l) , L > Z .

l{e strow ll, - *1ll , 1- ßi .

If í*2 Lhen z=xL and xL-x2

92.

s0 ll" -xill = llxl - x2ll > I -

thusoletusassume I>2 and llz-xill <1-ßi (,t).

i-t í-1
Since ze co(x1rr.,rxi-l) then z*.1. lj*Jrr+here I Àj=1,

j=l j=l
ÀJt0 for 1<i<1"-1.
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llence, as shown above

(l-It) x1 *.., + (1-À1-1) x1-1 l1x1 + ... f Àt-t xt-l xi
+i-1 t-l 1-l

( i-2)
- ryx{(t-1) ¿

so by the trlangle inequaLity

x1 * ... * x1-1

1-t
I
I- xrl _ lr

(r-t ¡
t

,) 1

:

(1-f1) x1 *... * (l-À1-1) x1-¡

t-l

1,1x1 *... * ),1-1 x1-1

_ L-2

1-1
xl

(1-),r) x,

ßr>1- (i-1)

(1 - ßr)

we obLaln

L-¿

1-1 r

L'¿
-_ t'.

l-1 4

i-l
"ri

i-l 
I

i-l
T

J=1

t-l
ßi

> 1- llz - xrlli-t Í-1

and by (*)

1-1

¡1, 
(1-r') x'

f-1

I

I

I

i> r
I

l

sil
1-1 i-l

í-2

Multlplytug bolh sides of tltis inequal-ity
i-t

by

1-1
Ij=l

t-1

¡], 
(1-Àr) x,

L-¿

(1"Àj)

-xi >1 wiÈh
L-¿

(l-I .) x.JJ
K,

L-¿
€ fr¡

1-1-1
=-

L-2
-t-I.L-2

So by Ëhe convexlty

dtam(K)=1 weget

í-1
I

J=1of

a

but since

ll, - xlll
x1 eK

>1_ßicontradicLlon. Therefore

and
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¡vhenever z e co(x1 , ..or xt-l), l- ) 2 , and the proof of the lenma is

complete.

Leruna 2.20: If K is an abnor¡nal subseE of a Banach space X with

diam(X,) = 1 , then, glven (9") , a decreaslng sequence of positive numbers

converglng to zero, there exists a sequence (xn) fn K satisfyLng the

f oLLowing propert,les :

(i) ll, - *1a11 I > I - ßL whenever z co(x¡a1, ..., x¡a1-1) for a1l

posiÈive fntegers L, L > 2 .
i-1(ii) ll" - xl+rll > t - rq (t-l) ßl whenever N > 0 ¡ z = 
rl, ^, *.r,

Í-1
.i. lj= l, B= {-Àj : À3 ( 0, I < j < i-1} * Q, and lf3l < U,
J=r

I < j < i-l, for aL1 positive lntegers L, i > 3 .

Pro.of_: By Lemma 2. 19 there exists (xn) a sequence in K such thaL

llxr- zll > l- gL r¡henever z c co(x1, ..., xi-l) , i ) 2. l,le sh,¡w

("r",) is ttre desired sequence in K .

Let L be any positlve integer. rf z e co(x¡a1, ..., x¡¡{-l)r I Þ 2 ,

Ëlrenfromabove ll*¡¡1-"ll >1-Fl+i)1-ßt since (gr) lsa

decre¿rsing sequence, and co(x¡.r1, . .. r xl.*l-l) Ç co(x1, .. . r xl,*Í-l) .

Thus, (i) is satlsfled by (xn) .

Againn l-et L be any posf.tive ínteger, and suppose

ll" - xl+rll < t - N (i-1) ßL (*)

f-l i-l
where "=rl, lj*1,+J'¡1, trj= 1, B={-r3: 13(0,1( j< 1-1} *Ö,

and lf¡l (Nr 1< j<1-1, N somepositivenumber, 1> 3.
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Let C= {ÀJ : À¡ > 0, f < J< i-fi .

Àlsosince B+ó,then i r¡*0.
J=1

exisË Lntegers k, h ) 0 such

1, ...r h] .

hk
0,and .l.yj-.I.n¡=1.

J=I J=I

, and \, = x¡+n if yj = l' forl.Ie wiLl set *nJ = *"*r,

aLL nrl(n<i-l.

i-1
Ilence zz I Ij*L+j=

j=l
h

I yr*r .
j='1 " 'j

lr
Since I Vi * O r{re may divide bothj=l

Slnce B and C

thatB={n¡:3

NoEice that since

h
I t.'l=1 J

Since " - =
h
I vr

J*l
h

I ". *l=t 
.J 

Y5

are flnlte sets tl¡ere must

= l, ..., k] , C = {yj ¡ j =

f-l h
I fi=I,then I yi*

j=l J=l

1f -rJ=ltt

TJ XYJ

k

" * ,l' nJ *nj

k

,1, 
n' 

"n '

k
or z -r .I. nj

J=I

h
T

J=1
xn. =

J

sides by

h
I v.

j=I J

this amount to obtain

x
Y¡

h
I vi

j=l

and Tj > 0 far each

h

.1. YJ
J=1

i'1< J < h ì,¡e get that

h
Ivi

J=l

t co(xtr, ..., *tn) g co(x¡41, , r., xl+i-l) ç

co(x1, ... r xl*i-l) .
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by the choiee of
k

' * ,l' nj "nJ

(xn) we have

lrl.+1 >1-ßr,+r)1-Êl

,1-ßl

xl+t ;1-ßl

ll, - x¿ç1ll

" ßl) bv (*)

h
I

J=l
Y. X'J YJ

xL+l
h
I 'ri

-i=I 
J

It¡ It¡
J=l j=l

h
I ri

J=l 
r

k
I n- *'

z x1.*r 111 
'J ni

+--_
hhh

h
I

J=1
v. - I.J

xl.+f

I 'rr
J=l 

J

h

:1, 'j
and by the triangle inequalfty

h
Ivr

J=i.

ll" - x¡ç1ll +

k
T

J=1

k
T

J=1

h

I 'rr
J=r

n. x'J nj n.
J

h
I vi

J=l 
J

gtving

k

31, 
n: "n¡

k
I

j=1
nJ

:rL+i >1-ßL
h

.1. Y5
J=I

h

:1, 'j
h

.1. YJ
J=I

I
> r - B" _ *l*_- (l _ N. (i_t)

Ivij=l

|Jr(1-1)"BL1

=1-ßr-@+'u h

ir¡
j=1

h
I vi

J=I
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h
I 'rt

J

J=I

rYJ-t
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$lr(1-l).9L
h
I 'rr

J=l 
J

[rf r (i-l)

-ß¡

h

I
J= -¡ ßL

)

h
I vt

J=l 
r

k
In,

J=l J

h
I vr

J=I

h

.1. Y¡
J=I

Irf r (1-1)
sf.nce -1>0 for yj < N for all jts .

h

I vi
J=l

h
T

J=1

k
I n.'

J=l

rj
Multlplying both sides of thls laequality by

k

:1, 
nJ *nj

> 1 with
k
r.I ni

j=1

¡se obtafn

xl,-t-i

k
I n.

j=l J

=1.
k
I ni

j=l J

So by Lhe convexity of K, € I( , but since x141 e K and

k
I n. *jrr J nj

j -.

I ni
J=l

diam(K) * 1 \^re get a co¡rtradlctlon.

. ßL , z as deflned above, an<l (if)

-x1il>I-N.(i-t)
(xn) .

Therefore ll,
is satlsfied by

This compLetes the proof of the Lemna.

Now thaL the .Last technl.caL lemrna

to prove a mafn result of this chapter,

has becone avallabLe we are ready
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Theorem 2.2Lt If a Banach space X has property A Ehen ft has normal

s trucËure.

lroof: Suppose X does not have normal structure.

Then X contains an abnorinaL subset K , and without any loss of generaL-

lty we may assurre lt is cLosed.

Since normality is invarÍant under scalar rnultiplication and transLatfon,

ü¡e may âssume without any loss of generality that diam(t<) = 1 and Èhat K

is bounded away frorn zero.

Plck Grûr ôr 0(e(1rm aninteger, n) 1, ô )0, as inthedefinl-

tion of property A .

I,et, (ßn) be a decreasing sequence of positlve numbers converging to zeto,

w{th ßr, ( ô for all n o

Sl-nce diam(f) = 1 , choose ¿ sequence (xn) ln K corresponding to (Bo)

as in Lemma 2.20.

LeÈ L be any positive Lnteger, antl set tl = *t*t - xL+Tû+l , ,U. = xL+Z -

xl+rû+l , ... , yL = xl*m - xl{ff¡-I .
m

VJe know from Lemma 2.20 (L) thaL in partlcular

xl+l*xL+2*,..*x¡¡o
xl+m+l >1-Ê¡)1-ô.

yL + yL * ... * yL
LZm

I

lrt-u

So

(xl+t - xl+rn+l) * ..' * (xl+¡n - xf.+rnf-t)
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Also llylll , ..., llylll < 1 since dlam(K) = l.lm

By properLy A we must have

llrl - rfll . dist(y!' tr|, r!ì) i e,. . dist(yl, trl_r, ..o, rll) ( e

whlch funplies , by the definftlon of yl, ,.. , tl , thaE

ll*¡n2 - *¡¡1ll . dist(x¡¡3, [xl+z, x¡a1l) o or¡ . dist(x¡a¡¡r [xl+rn-t, ...,

xf.+tl) ( e ('r) .

I^Ie show that for very large L the left slde of (*) 1s bounded below by a

number between e and 1 , whLch w111 be a conEradietion.

since by Theorem 2. l0 property A impLies superreflexívlty and thus

reflexivit,y we may assuine without any loss of generality that there exists

xe Xrsuchthat, Xn+x rvealcly.

Sfnce K ls closed and convex tlren K must be weakly closeci so that x É

K . Also, since K is bounded away from zero we knoru x # 0 , and hence,

ll"ll * o .

Let I . lf be the Euclidean noril on Ri .

For a given posltive integer L, and i > 2, define Fl : Ri + R by

ri ((at, ..., a1)) = ll.t *L+t -l- ¡e r +ai x¡ç1ll for (a1, ..., ai) c Rl .

It ls easy to prove thar fi is conlfnuous.

Let U1 = {(a1, ..., a1) : (al, .o., al) e Ri, l("t, ..., a1)li = I ,

I
I ai > o] .

j=I J



s0

Since U1 is cornpaet for each i , then for every

(ol*,, ..., oi*r) e ui such rhar rl {tui*,, ...,

... + bi xl+t ll < ll"1 rËL+l + n.. * u1 *¡a1ll
L+i

(at, ,.., a1) c U1 .

L and

6i )) =
L+i

for aLl

I there exists

I lli*, xL+I +

I,le show there exisLs Lt , a positfve lnteger, and A ,

such that if L > Lr then ll*t *t+t *... + a1 x¡¡1ll
(al, ...¡ âl)e Ul , for each i ,2 ( i { m.

rhen l(ui, ..., bi)li =

posiÈive nurnber,

A for all

bi- > o forj

with f(x)

x)

a

I'llthout any loss

that, f<¡r each t

(irl , ..., bi )L+l L+t

of generallty, by the cotûpactness of U1 , Í,,re may assuae

, 2 ( Í ( m there exisLs (b1, ..., bl) c U1 such ËhaËi' i
(bl 1l .* (bi¡ ...¡ br

Sfnce (ol, . ¡.,
all- ir2<í<

bl) € ui
L

Ill ¡

and
i
I

j=1

For a given i, 2 < Í ( D r suppose
II¡ij=l J

>0.

1T

Then since xr +

I lxl I , rde nr.lst

i
= I u:r(x)=

j=l J

x , and there

l¡ave f(bi x¡a1

I
I b1 ll"ll

j*l J

exis l-s

-L -L¡ aaa ¡

0 sínce

fcx^,

ul x¡+i)

ll"ll *

ll¡ll Ê

1

"f(Ij=1

0.

1,

6ij

But t(Oi*, x¡¡1 * .,.
there ¡nust exlst A1 )

Lt then llal x¡-'1 -f .
.L

t
Suppose now tlìat I bl

J=1 J

for arbicrarlly small ß

* ol*, xl,+i) o llol*, xt,+t * '.. * lfn. x¡¡ill
0 , and ti a poelt-l.ve lnteger, such that Íf

.. * a1 xl+il I > ¿i for all (al, ..,, a1) r

t

, and Af , Li do not exlst as alrove. 'then

lre caû flnd arbitrarl"ly large L such that:

so

L>

ui.

=Q

>0
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llui x1*1 + .,., * bl *l+tll < ß .

generality assune 61

then bi + ... * bi =I t-l

lrllthouÈ any loss of

i
Since I U|=O

j=l J

-t-1.

NotLce bl *l+r-r - (-
L-r

b1.*l+r-r+bl
].-t 1

-t-oi-r
+ * xl+í-t

-6ri

*0.

-5t sot

.tbl

-tt
1-

*... *

{
b:1-r

-bi i

llui "¡*1 * ... *

llli *¡a1 * ... *

.1ol
X¡ç1 * ...

-6r
a

bi) x¡a1l I =

xl+tll < e .

(- bl)
xL+i

g

l¡íIr
Hence

or

Lettfng

of ï,emma

N=supllil
li -'i

2.20 thaE

i 'i oi-,
i- , xl+l*...* xl+i-l-xl+l
i-oi -bl

l¡1 .
[ 1-r""'l-t

ß

l'l I

(*x) .

I
br-t

xI,+l * ... * 
_ bf 

xL+i-I - xL+{

í

!¡e must have by (i) and (ii)

Lt = üax {Lti
2{ í{rn i

-61
l-

fll) for aLL L,

But since ßl * 0

ls very small.

bl

So Lr and Ai

and d = min
2(i(n

Þ rnín(1 - ÊL, 1 - N . (l-1)'

as L + * Ëhe last inequaliry conLracilcts (¿¡) for I

nust exf.st as desired. Also by J.etting

{41} the cLafn ls seen to be valid.

I,I
j=1

_bt

Assume, now, I = (À1, ..., À1) c gl lj=1r2{i{u.
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i rj I l¡, Irhen' since 
,1, r^f = ffi'o and 

ljtri, 
= t ' we rnust have

À

J;T; 
t ut , and by the fact Just shown above we get

1,1 Li

then, r^re may easily
i

such ËhaE lf z = .l
J=N rhen llzll)P,

>A for L> Lr t

SO

-nl, xl.+t * "' * TiTf "t'ni

llflx¡."1 *...+11 xla1lI>¡, lflr for L>Lr.

Fron this inequality,

t,hereexLsts N)0,

m , and sup lf3l
1<j<1

conclude

lj *L+j
t
for aLl

that given
i

, I rJ=
j=1

L>LI .

P)0,

lr2<i<

LeË M=sup{ll"ll :xGK}randpick N>0 eorrespondingto l,l+1

above.

Far 2<

min(l -

If r¿A

get for

lr¡l < i't

í(mrand L>Ll

ß1,1 -N. (1-1).

1-1 1-1
I Àj*r,+j,1.À3

j=l j=I
all- L ll*l+r-zll

forall j,l<j

, we show df st(x¡.r-1, ["]+l , . , o , x6-1-11 )

Br,) (***) o

= 1 , then by (i) and (1t) of Lenma 2.20 we

> min(l - 96 I - N . (1-l) . Êl) rvhenever

< 1-1 .

0n the other hand, for L

cholce of N tlraL I l" I I

so !l*¡ç1 - "ll 7 llzll
'ßl)'

sup lrrl ) N , we know by the
1< j< i-1 JLr,íf

M+l .

ll"i,+rll > t"f+l-l,t = I ) min(l - ÊLr1-N'(Í-1)

Thtrs, ll*1*t -zll )mln(l -ÊL, 1-N. (1-l). ßl) for L>Lt, forall

z e [xl+t, ..o r xl*i-l] , and (***) rnust trold.

Slnce N ls fixedr 2 { i ( m, and ß¡+ 0, then frolq (*,r*), by picking L
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very large, IÄIe can malce dÍst(x¡.u1r [xl+{-1, r.. , x¡a1l ) bounded beI-ow by

a nunber arbltrarll-y close to I, for all i r 2 < i ( m. This, in turn,

w1ll lmply thaL for very Large L we can make l lxl+Z - x¡-¡1 l l '

dÍst(x¡-u3, [xL+2r x1,+l]) o ¡¡¡'disr(xtrr-,n, [xl+rn-I, r." x1.+t]) bounded

below by a number betr{een Ê and 1 , whÍch is the deslred contradictlon

to (*).

Therefore, X must have normal- structure.

CoIoLLary 2.22: If a Banaeh space X has properLy A Ehen ll satisfies

the flxed pofnË properËy,

Proof: By Theorem 2,21 properLy A implfes X has normal structure, and

this, ln turn, inplies the fixed poÍnt property [18].

AL this point we wllL exa¡nfne Karlovit,zrs example [17]. Ttre

purpose of this exampLe ütas to expose a superreflexlve space which does nol

trave normal sÈrucËure but Ín which the fixed point property is saEisfied.

We will show that it has property B even though it does not possess

property A .

Exaqple 2.23¡ Let X be the space 9.2 renoriued as follow.s:

llxll=max{ll*ll-, ll"llz/{2}, forall xÉ X, where ll ' ll- is the

[* norm and I I . I le the r,2 rlorllro

Ler K={x:x=x(i),x(i) eXrx(i) }0, llxllZ< 1}. Iteaneasilybe

proved that K is abnormal in X .

Thus, by Theorem 2.21, X does not have property A .

It 1s also easy to see by the defÍnitlon of I I . I I thaL

ll"ll < ll"llz < /T ll"ll
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11
and slnce 9,2 ls a HlLberË spacer 

- 
> 

- 
, rre rnuat have by Corollary{Tz

2, 15 that X satlsfles property B .

In the rest of this chapcer we will concentraLe on provfng Èhe

followlng theorem 1n whlch property B is characterlzed in terms of a

properly related to normaL seLs. Here, a convex bounded subset of a Banaeh

space consfstfng of more Ëhan one polnt will be normal (close to normal-) ff

it has â center of mass as in the deflnition of normal (close to normal)

structure.

Theorem 2.242 Ttre fol-l-owing conditions on a Banach space X are

equivalent.

(i) If Y is a Banach space finitely representable in X , then every

subset of Sy \,rith dÍaüeter equal to 2 is normal.

(ii) If Y is a Banach space ffnitely representable ln X , then every

subset of Sy $rith diame|er equaL to 2 ls cl-ose Ëo normal-.

(iil) There exist ô, o, ô ) 0, n an integer, rn ) 1 , such that if

xl, ooe¡ xp e B¡, then dist(x*, co(x*-1, ..., x1)) . .r. .

dist(x3, co(x2, x1)) . llx2 - "11 
I < 2rn-l (1 - ô) whenever

x1 * ... * xo,
>1-ô.

(fv) X has property B

Proof: (i) + (ff): This follows easlly since nornal sets are also close to

normaL.

(ff) r (11f): Assume (ilf) Ls not true,

Let (en) be an increasing sequence of real numbers between zero and one

converging c,o one.
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. Since X fails to satlsfy (fli), given an lnteger or rn ) 1 , there exfst

mm*1 * ... * x*

"T, ... ¡ xm e BX with ) eo' , and dfst(xm, "o(*l_r,

..., xf)) . ... . dist(xl, co(x!, xl)) . xm - xfl | ¡ 2ru-1 e,.

Slnce dlst(xn, "o("T_rr...rxi)) < Z foralL Lr24 9(m, rhen

dist(xm, "o(t-r, ..., "T)) ) 2 e* for all I,2 4,C ( m , so

dlst(xm, co(x| ., ...¡ xm)) * Z as ra -> @ for all Lr 2 4.0 ( m .!, 9,-L I

LeË Y be Ëhe vector space consfsting of all flnlte llnear combinaLions of

the lnfinite sequence of synbols {{1} .

use a diagonal process to obtaln a sequence of integers {k*} for which

Êhe follor,rlng limlt exists for all finits sets {a1, ...¡ â¡} of rational

nunbers:

1lr¡r
m+co

can be defined for all fínite linear combinaLfons of

with rational coefflcienrs, by lettfng

lí ',, *u*i
in=l n 

:

Anorm lll. ll
members of {6f}

ii r
li I a,r tn
ll"=t

ilr kil F=ti*ii) urr**
In+m n=l n

This norm can be extended Èo all of Y and wltirout any loss of general-ity

we nay âssume Y is couplete so that ft fs a Banach space.

By the definLtion of lll lll, Y is flntrely represenrable rn x .

Let K = co({€r}) .
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l^le show diam(K) = 2t K is not close to normal, and is contained fn Ëhe

unlË sphere of Y, whLch w111 be a contradicËíon to (if).

By the defÍnition of

so k 1s contained

AJ.so, given L, jli

t

lll ' lll , given f- ' llleilll = lfm ll"'''ll < I 'm+oc i
in the unit ball of Y and therefore, diam(K) < 2 .

tt * ... + Ee. ill
-..------_- lll = limf, I ll nr*-

kt &t*r * ... * x¿

lim(er)=1¡eo
m+æ

'*lll" -:il ^,''ili= ** [1"þ ,¡' ^: 
*î*

9,

= 2 as menËioned above.

tl * ... * Ç¿ lli
¿ 

-lll=t 
forall e,whichlmPlies

K = co({61i) lies on the surface of the unlÈ ball since we already know

rhar lllgilll<l forall í.

0n the oËher hand, given L , z e eo(17r..., 6¿-1) ,

!,-L 9,-L
then z=.i. rj Ej, .}. trj = I , Àj ) 0, I < j < t,-t ,

J=I J=I

Thuo, diam(K) = 2 and K is not close to normal, which cornpletes the

proof of (if) + (iii).

(iíí) + (iv): This follorss easily by Ëtre definiti.on of properry E.

(1v) + (i): suppose Y Ís a Banach space finitely represenÈ,abre i.n x

conÈainlng a set K, diam(K) = 2, K not normal, and llyl| = I if y e K .

As fn the proof of Theorem 2.2L, for a glven m , we can ffnd Yl, ..., ym

e K ¡ suchthatforeach &r2<f. (m, dÍst(yg, [yf,-t, ¡.., y1]) is

bounded belov¡ by a nurnber arbitrarily close to 2 .

LeL lll .lll betl"¡eno¡:mon Y.
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I^Ie know K lies on the surface of unl! sphere,

lii yr f ... * y, lllso lllyrlll= lllyzlllÉ,¡¡ = llly'nl ll= r and lii o, iii= 
t.

Thus, sLnce Y ls flnltely representable in X , by aû argunent sLrnilar to

that of Theorem 2.I2, I{te ¡nay utflize yl, rr,¡ }¡¡ , Èo obtaln xl , rrr¡ x¡1

Ln B¡ contrâdfctlng the <leffnltton of property B . Thís contradiction,

rhen, gives (tv) + 11¡,

The proof of che theorem ls now complete.



CITAPTER III

Locally K-unfformly Convex Spaces and Reflexlvity

In thfs chapter we find, in the context of areas, a eondftion under

which a Banach space is reflexive. First, we introduce some inportant

definitions.

Definltion 3.1¡ A Banach space X is saíd to be locally unifornly convex

if given x e S¡r e ) 0, there exfsts 6 > 0 such that ll" - y¡¡ ( e

' llx+Yl¡
whenever

2

This definitlon resembles that given for unlfornly convex spaces. However,

here the choÍce of ô not only depends on e , but íË is al-so deterrnlned

by the gÍven" x o Therefore, 1oca1-ly uniform eonvexity is a ¡veaker

condÍlion than uniform convexity.

In the following deflnition we descrlbe a properÈy which is a

generalÍzaÈion of lc-uniform corrvexity.

Definition 3.2: A Banach space X Ís said to be locally k-unlformly

convex, (tk-UR), forsomeposltiveinteger k, ifglven xG S¡r e )

0, there exists 6 > 0 such that A(x, x1, ..., x¡) ( e whenever

ll"+x1 *.".+x¡ll
k+t

> I - ô , and xl, oor¡ x¡ e SX .

From this definitfon lt Ís easy Èo see thaL a Banach space ts locally

unÍfor:nly convex if and only if iÈ is Ll - UR .

58
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Sullivan has shown that 1f X** is L2 - UR , then X is

reflexíve [20]. Here, Ín Theorem 3.6, I¡/e prove Èhat actually thls ls true

forany k>1.

In what follows, for a sequence (xr) in a Banach space X '
V¡ (x¡) r¿ill mean the seË of k-tuples of the (xn) ¡ i.ê. the set

{(wl, ..., w¡) : wl e (xn), I ( i < k} . Since V¡ (x¡) is countable r¡e

nay say v¡ (xn) = {vm : m = I, 2r...} ¡

Given a positfve f.nteger m, if v* = (w1r ..., wk) , by [vor] we will

mean the affine span of ÊÌre points rrl r .. . , wk .

The next severaL l"emmas are required for the proof of the main

theorem.

Lernrn-a _3.3¡ If (xn) is a sequence Ln a Banach space x r ll"t ll = I for

all n, k a given posfLive lnteger, then one of Lhe following is true:

(a) There exists a subseguence ,*or) of (xn) , a positive lnteger

Lrand Ok>O,suchthat dist(xrr.rlu¡l)>ðk for L<9, (í,

vL c V¡ (xn).

(b) Given e ) 0 there exists a subsequence ,*.,r) of (xn) and

vL ( V¡(xn) such that dist(xrr., [v4]) ( e for alL i .
t-

Proof: Pick (enì) , a seqrlence of decreasíng positive uunbers converglng

Lo zero.

trle construct sequences of real nurnbers (ôk), subseLs of the inEegers I* ,
ûì

for each positive integer m , satisfying the followÍng:

(i) In fs an infi,nÍte subset of rhe fntegers for each m o

(il) If m)[ Ehen f.Çft.
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(fif) 0<ôk<2 forat-l nr
m

I(fv) -- ôk < disr(x5, [v*]) ( 6k + e, for aLl J c Im , for each n.2 m -u' 
m

The constructlon Ls done by lnductlon on üt r

For m = li Let ôI = lfrn inf dist(xj¡ tvtl) r.¡here I is rhe BeL of rhet ,.t
fntegers.

Clearly 0 < ôk I 2 , and we can easll-y get 11 , an lnflnlte subset of the-lI
integers, such thaE . ôk < disr(x¡, [vll) < oþ + e¡ for at]- j c rl .2 r - J- I ^

This t¿kes care of the case for m = I .

Suppose the construcE,Íon has been accourplished for rr o

I^le show it holds for m * I .

By the lnrlucElon hypothesis rm exist-s as reguired. Let 6k =
n*1

lim-inf (x5, [v*ç11) .
J €rm

Again, iË ls cl-ear that 0 < ôk 4 2 , and. we can easll_y get Im+l Ç Im ,n*l Ian LnfLnite subser of rhe fnregers, such Lhar 
î 

oh, < disË(x5, [vr-¡11)

a u,l*, * ed-l for all J c rm*l , which conpletes the consrructfon for
m* 1.

Therefore, we get (ôk) and a subset of the lntegers r* , for each m ,
t¡¡

as required.

LeL ßk = llm 1.r¡ I 5t (*) , and 6k = 
I glc .

m?m2

Theu 0 < ôk < -1T<- by(fti).
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Suppose 6k>0.

By (*) choose an lnteger L such that if t, > L Ëhen i Ot > ôk .29,

By (i) and (ii) choose an increasing sequence of lntegers (ri) l¡lth nÍc

11 for each i .

IBy(1i) and (tv) dlsr(x,rr, [vs]), tOk>Ok if L> 9. ]L,whtch
ftnplies (a).

Suppose ôk=0.

Then lim inf i of = o .
m2m

sc for a given e ) 0 there must exist .q, so rarge thau ôk * eg ( e
9,

since En+0.

Thuo, from (iv) dist(xJ, lvg,]) < o-L * e* ( e for j e Tg, whieh by (i)
a

clearly lrnplles (b).

Le¡nr¡a 3t4: rf (xn) fs a sequence in a Banach space x , ll"nll = I for
aL.l. n, k a glven positlve lnteger, then one of ttre folJ-owfng is true:

(a) There exists a subsequence ,*rra) of (xn), a positíve inÈeger L,

and ôk > 0, suctr rhar disc(xrr., [tg]) > Ok for L < g ( í,

v¿ e V¡ (:rn) .

(b) (xn) has a strorrgl-y converglng subsequence.

:tg€r Suppose (a) is nor rrue for (xn) .

trIe construct seguences (ym) Ç X , and subseÈs of the integers I,o , for
eaclr posiÈive lnt,eger m , satisfylng the follor+íng:
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(t) I* 1s an lnfinlte subset of the Lntegers for each ilt .

(if) If n),CrI,nÇIg.

I(irf) ll"j - rTll ( -- for J c I, , for each ûr .j3m

(tv) llr| - rlll a + for t, i e \¡ ¡ for each rr rj 'f 
3m

The construcÈion ls done by induction on rr o

For m = l: Since (a) is not true by Lenma 3.3 we may assume by passing to
Ia subsequence thaÈ dist(x3, lvg 1 ) < 

- 
for some vg c v¡ (x¡) for all

jts .

so there exlsrs (yl) ç trrsl such rhar llv] - *3ll a + for a1.1 j,s .

Notice llrfll < llvl - xjll + ll*ill < t *+ for att j,s .
JJJJ3

Th{s tmplies (y1) is bound.ed.
n

Since [tg] is contained in a k-dÍmensiona]. subspace of X then there

exLsts 11, an lnfinite subseE of ttre integers, sueh that {yl : j e Ii}
J

is a eonverging subsequence of (yl) ¡

Bythedefinitionof(y1)fElsc1earthatlnparticu1a'lly1.*ifl<

11 
nJ"

E=-:::-- for Je Itrandsince {y1 : jcIl} musübeCauchyrwe
3 3(1) g ¡ "J- r

may assume r,¡irirour any Loss of generatiry rhat llll - xlll a + = 1|U
foraLl i,JeIl.



63

This takes care of the ease for m = I .

Suppose the const,ruction has been accornplished for n .

We show lt holds for m * 1 .

slnce {*j : j . rr} is a subsequence of (xn) then (a) can not be true

for {*j:jerp}reither.

So by Lemma 3.3 we may assune by passlng to a subsequence that
Idlst(x¡, [r¿]) a ,a*U 

for all J c Im, for sone v& e V¡ (x¡) .

I
so tl¡ere exlsts (vdl)ç [t¿] such rhat I'rlt - "jll a 16*r, for

aLl J e lrn.

Agaln, as above, there exLsts lr+t , an lnfinice subset of the lnLegers

wlLh Im*l Ç lrn , such tha¿ iy91 : J c Im+l] is a converging subsequence

of {yyl: j.I,o}. '
J

By the definitlon of (ydl) lt ls clear that in partlcular llydl - *tll
lnjJ( :;---- for all j e Im+f , and since {yi*l : J c Im+l} must be

3(rl-l) 
g rt¡r¡ 

J

Cauchy, vre nay assume wlËhout any loss of generality that llydl - yotl-lll
IJI( -----:-- for all i, j e In*l .

3(n+l)

Thus the conetructlon fs cornplete for n * I , and r,¡e get (yn) , I* , for

each mrasrequired.

Now, chrrose an increaslng sequerlce of lnt,egers (rr) rsith ni r 11 for

each i .

hte show (xn. ) is a Cauchy subsequence of (xr,) , an<l hence lt must
1

converge.
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By (f) and (tl) (xnf) musc be a subsequence of (xn) e

Let e)0 begiven.

Pfck an lnteger N so thaË I a , .
N

Suppose mrg>N.

thenby (ii) kSf¡¡, and Ig SIN, so nm, ng c II*¡, andby (iii) and

(iv)

ll*o, - *n*ll . ll*r,,o - yilll + ¡, xne - r**ll + l'ril - yNrll

1111<-+--+-=_(e.
353¡3¡N

Thus, (xn. ) ís a cauchy sequence, and this clearLy tnplies (b) must beI
Ërue.

Leryg_3.,å¡ If (*rr) is a sequence Ln a Banach space X , llx"ll - I for

all n , k a glven positive Lnteger, then one of the following is true:

(a) There exLsts a subsequence ,*rrr) of (xn), a posiLive integer L,

and numbers ôJ > 0 for j= 2,..o¡ k'l , such thaL gÍven ,rL c

V¡ (xnr) r 9,>L, thereexfsts r forwhich dist(xrr_, [r.(,]) >Oj
p

whenever p > r, for 2 < j < k-I .

(b) (xn) has a strongly convergeût subsequêûcêr

Proof: Suppose (t¡) fs not true.

For each I , let xl = xl , so thau (*f ) = (*t)ni nl
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I^le construct sequences ("J ) , posLtfve nunbers 6j, i = 2r...¡ k-l t
n1

satlsfying Èhe following:

(i) For each J,2 <j < k-1, (xj ) 1s a subsequence of (xn).
ni

(ff¡ If J<g r21j,g<k-l ,then (x'g) isasubsequenceof
ni

(*J).
ni

(ili) For some positive integer LJ , ff L¡ < I < í then disr(xj 'nl
lvgl) > ôj whenever v& c vi (xj-I) , for i = 2, ...¡ k-l .-ni

The constructLon is done by induction on j '

I'or j = 2 3 By Lemma 3.4 since (b) is noE true there exists (*2 ) a
nÍ

subsequenee of (xn) , a positive lnteger L2 , and O2 > O , such that

dist(x2 , [vß])>02 for Lz<L <i rvge V2(xn)-v2 (xl ).nf nf

Thls takes c.lre of the case for 3 * 2 .

Suppoee Èheconstructionhasbeenaccomplished fc¡r J r 2< j< k-2 ' We

show iL can al-so be done for j + I .

Since (*j ) ls a subsequence of {xn} then (b) can noÈ be Èrue for
nl

("j ) , elrher,
nr-

So by Lemma 3.4 we'can obtain (xj+t¡ , a subsequence of (xj ¡ , L3+1 a
nf ni

posÍtive lnteger, and ô j+r > 0 such that clist(:¡j+l, [rI,]) > O 
j*t for

n1

L5+1 < & { 1, vg c V3+I t"ir) .

Thus, the construcElon ls cornpleÈe, and rve obtaf.n (*j ), ôj , as require<l.
n1
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'ni

By Ç v¡(xj-t) for
'ni
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each J , 2 < 1 < k-l .

(xk-t¡ Èhen
nl

k-I .

h isa posttive

h>LJ

So glven

Lnteger.

I,le show thaL

subsequence

vi G v¡ (xk-tl , yt, = v¡ e v1 (xJ-l) , where"ninl

Choose L sothaÈif 9>L and

v.0 = vh e Vi (xj-l) , for any J,-ni

ifv¿eV¡

2<j<

By (1) (*k-l) is a subsequence of (xn) .ni

Foraglven Jr 2< j <k-l, suppose v¡e Vj (xk-l¡ , !,>L,
nl

Then vg = vh c vi (xj-I) and h > Lj by the definiÈion of L .
'ní

Thus, by (iii) dlsr(xj , [rn]) > OJ rr I > h (*) ,
n1

L, ô2, ..., gk-l , (xk-l¡
n1

of (xn) satfsfylng (a).

are respectively the numbers and

("j ), so for some Q, g ) h, xJ enl nq

SOne f .

By (il) (xk-t¡ is
ni

(*k-1) , and hence,
n1

a subsequence

xJ = 1¡k-l
tq nr

p > r and xj = xk-l then
ni np

) ôj , or dist(xk-l, [v¿l)
np

of

for

From this, if

dlst(xj , [v¡l )
n1

Èrue.

Nov¡ we are in

UR) and reflexfvlty,

t > q ) h, which by (*) gives

) ôj , irnplyíng (a) must be

ô

a positlon to exhlblt the connecÈion bet¡+een (Lk -
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Theorem 3.6: Let X be a Banach space. If X** Ís (Lk-UR) , k ) I ,

then X Ís reflexÍve.

Lfg€: Suppose X is noË refl-exlve. By Jamesr theorern [16] there exists

fc x*, llrll=l rsuchrhaË f(x)(t forall xG x, ll"ll =t.

By the Hahn-Banach theorem there exists **n . X** wÍth **o1f¡ = 1 ,

ll***ll = t . obviousry, ***+ x.

slnce lltll = | we may choose (xn) , a seguence Ín x, llxrrll = 1 for

alL n, such that f(xrr) + I .

No subsequence of (xn) converges strongly in X .

OtherwÍse, if *nr**r,*rrr) asubsequenceof (xn) ¡xé X, then

ll"ll = f and f(xrr*) + f(x) .

But by the deflniÈion of (xn) , f(xr,- ) * I .
1

so f(x) = 1 which conÈradicts the definition of f. Thus, (a) of Lemma

3.5 must be Lrue for (xn) , so thaË ,*.rr) , a subsequence of (xn) , and

numbers L r 62, ô3, ... 6k-l , must exist as described in the lemma.

Since **of x rhen díst(x**, X) ) n where n > 0 .

Let e ) 0 be given, and l-et ô correspond to e'61. ô2. ... . ôk-l
. n as ln the definltion of Lk-UR .

Since ll*n* -r ,,rr(n) * *rr(u-r) * ... * *nr(r)ll > *oo(f) + f(xrr.(k)) *

..' * t(*rr(r)) , and ***¡f¡ = 1, f(xr,r) + I , rhen the right sÍde of the

above lnequality converges to k+l as t(k), f(k-l), ..., Í(I) approach

inflnity.
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E a posLtÍve integer N such

**¡.Lx'''+ x I ... ' xtr(t) tr(r)

that

>r-ô
k+l

whenever i(k), i(k-f), ...¡ L(l) > N .

Thus, by the deffnition of ô we get A(x**, xr., ---, o.o¡ x¡ - -) < e . ô2tr(t)' o"'*ti(r)
. 63 . ... . 6k-l . r¡ if i(k), i(k-l), ..., i(l) > N .

['le show (xn.) fs a Cauchy sequence.
1

I^lith L gíven as above, r¡e may assume without any loss of generality that

N is large enough so that given any j, 2 < j < k-l , whenever i(j),

1(i-r)' r..' i(1) > N, and [*ri(j)'*rr(j_t), ..., xri(1¡] = t¿.

v3(xrr.),then [>L.

So suppose i(1), f(2) > N .

lùe show by inductfon that we can píck i(3), ..r, i(k) , positive integers,

such that f(3), ..., l(k) ) N, and dt"r(*rr(j), [*ri(j_l), ..., **r(r)])

> 6j-l for j = 3, ..., k .

For 3 = 3' rf t*rr(rr, *nÍ(r)l = vg c Y2 a"r,r) , then by rhe chotce of N

we have that g > L . Hence, by the definition of 62 , there exists r

so that if p ) r rhen disr(xrr', [*ri(Z), *nÍ(f 
¡]) 

) O2 .

By pieking 1(3) > urax (r, N), *.i(3) is as desire<l.

suppose we have chosen Í(3), ..., i(h) sauisfying the given properties,

3 < h < k-I . I,Je choose i(h+l) as foLlows.
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Again, lf t*rr(nrr ..., xnf(I)l = t¿ e v¡ (x¡r) then r, > L, and by the

deflnitlon of 6h there exLsts r so that if p > r then dist(x¡rnr

["rr(n)' "', **i(t¡J) t on .

By pieklng f(h+f) ) nax (r, N), *rt¡h+t¡ ls as desired.

Thus, we may choose f(3), ..., t(k) as required.

Slnce 1(k), ..., L(2), í(1) > N then A(**o, *rr(O), ..., *rL(r)) a " O,

Ò or¡ . 6k . ¡ .

By Lenna 1.3 we know

A(***, *rr(u)'..., *ri(l)) t dist(x**, [*ri(t)' o.., *nf(t¡l) '

¿rst(xnr(k) [*nr(t-t)' "', *rr(r)]) o "' '

dist(xni(3) [*nr(z)' **i(t)]) ll*tr(t) - "tÍ(r)ll '

Therefore ll*rr(r)-*rr(r)lla =. for i(r),

l(2) > N. So ,*r,a) must be Cauchy and, thus, it must converge.

But this fs a conËradfctlon, hence, X must be reflexive,



CILqPTER IV

Open QuesEfons and Problens

It ls not knovm whether ln every unlformly corrvex Banach space the

nodul.us of k-unfform eonvexlty converges Lo one for every positlve number

€ as k gets arbicrarfl-y large. Theorem 1.9 says that thls fs the case

fn Hilberc spaces. Does thls properEy characLerlze Hilbert spaces? Í.f.

not, what type of spaees does lt characterlze?

Ln Exarnple 2,23 we showed that the space given ln Kar-lovitzrs ex-

ample [17] tras properÈy B. Ttre purpose of l¡.arlovitzts examp.Le was to

exhiblt a superreflexLve Banach 6pace wfthout norinaL structurr but saelofy-

ing the J:fxed pofnE properLye ÌI,owevet, by Theorem 2.24, properLy B ls

egulvaLent lo cerl:airr structures related to normal str:uctrrre. Thus,

KatLavi-tzrs space sËi.l1 has some kÍnd of strucÈure. The obvious quesE:Lon,

then, Ls as foil.cws: Does properÈy B tnply the fixed point property?

1.'hfs is a val'y J.nLeresËing q'*esLitrn since by Corol.lary 2,22 property A

{.rnplf.es tlre flxerl point pr:operly. The foLl.owing quesLions ¡rre alsr¡ of

related fnteresÈ¡ l)oes the fixe<l point property have an equivalent fo::mu-

J.ation ln Èe¡:rns of atea? Does the fixecl polnü properr.y irnply propert)t B ?

Does every superreflexf-ve space have the fixeC poí-nt properfy? Can super-

reflexivl.ly be c.haract,erized in terms of area?

A properEy more general than property B can be given as foLLor+s¡

.li Banach space X is saLd to have property C if there exist ö, û, rslLh

ô ) 0, rn an ínteger, m ) I , such Lhat wire¡revr:r txl , ..., X¡.) ls a

sulrseE c,f Bx, then A(xl, .".¡ xo') ( nr./Z (1 - ô) if

x1 'l- ..o 'f x¡,¡

70

>1-ô,
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Here we have chosen the number n¡û/2 since lt is the maxlnum value the de-

ter¡ulnant of a n by m natrfx can attafn [3J, !{e noay ask Ëhe next ques-

tlons about this property: Does it irnpl.y the flxed point property? llha¡

spaces does lt characLerize? IIow does f.t relate to normal structure and

superreflexLvfty? whaE epaces have property c whlle fallfng ro have

properËy B ?
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