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U5 Depariment of Commerce = Energy over line segment (%.7)(i.7) - Numerical results: 20 1 é
Goal: Fast registration of curves using dynamic | .. .. .. w12 Diffeomorphism recovery:
programming (DP) for the efficient computation of L e B = 3 z_:k(tm“ = tm) (Fmga + Fm), > = a limagon Flat 4 Steep Bumpy 4
elastic shape distances, alignment of functions, etc. S F = F(tha(tm),L), m=k,....i | / = A
Our contribution: Development and implementation /=~~~ " "~ o = linear function with a(tx) = z, a(ti) = z;. — . | ]
. . . . L = slope of line segment (£, 1)(, j). | o
of linear DP algorithm for computing optimal AT ) /
diffeomorphisms for elastic registration of curves. Known DP algorithms: e
Elastic registration formulation: [ B B - F(t,q/(t),v( — () = VAW (Y )2, @(t) = GO /1502, i =1,2.
For £:{0,1] x [10» 1] xR =R, minimize energy L BT _ 64 | 128 256 5121024 2048
E(v)zfo F(t,y(t),¥(t))dt VR B R W= 64 32 16 12 12 12
with respect to v, 7 a diffeomorphism of [0, 1] - :ifjﬁ B s original — DP| all 4 0.49 1.26 1.00 2.07 8.48 34.3
onto itself (v(0) =0,~(1) =1,% > 0). o | x “ 2 1024 066 051104 420 17.0
: : . . Left: the O(~v*) DP algorithm guaranteed to compute optimal solution. fast — DP ally 10 ' ' ' ' -
A typical function F (from elastic shape analysis): | ;  DP alaorithm. Right: th 2\ fast DP alaorith Flat 4 0.650.67 0.27/0.29| 0.57  1.20
F(t,7(),5(8) = [RO)ar (t + to) - /A(Dg2(v()]I> Center: the o(n*) original DF algorithm. Right: the o(*) fast DF algorithm. wdapt —dP | Steep 5 0.65 0.56 0.280.31| 0.62 1.32
to = seed or starting pomt. In all cases, N(i,J) is a trailing set of (i,5) and the optimal energy at (i, j) Bumpy 70.81 1.04/0.37/0.36| 0.70 | 1.46
R(#) = 2 x 2 rotation matrix defined by angle (9 relative to N(i,j) IS E(i,j) = h l)]fg}\rfl(ij)(E(kv [) + E((Z]zi) Times in seconds. w = number of grid points per side of N(i,j).
() = G (L2 — . . . . In all L? lution 4 and d ~*
2:(t) = BONBOI, i =1,2, New DP algorithm: O(N) adapt DP algorithm using strips of width O(1): ! al oy T o betweenltme Solukion 7y and computed 7y
B; : [0,1] — R?, C? closed curve of unit length. o o o o /w: ARBRRPZ (- 1(2 (5(1) — 7" ()2 ) was less than 10-2.
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Discretized formulation: " “ _ T .//./. ; . : :
= | | ", o IS R / e mr oo Function alignment by warping:
E@®) =3 ;@m ~ W) (s Vs i) + F (s 3 30)) g ) R B e e F(t,7(8),%(1)) = (@1 (t) — VIO g (v(1)))?
1\, = a partition of [0, 1]. ) AU B L o S e N M qul(t)ESign(fi(t))\/|fi(t)|a absolutely continuous f; : [0,1] = R, i=1,2.
P TR T T e e T T T ~unction 1 in blue has 19,693 points, function 2 in red has 19,763 points.
= {vhly = (@) N (vt = () B From 3 x 3 subgrid to 5 x 5 subgrid to 9 x 9 subgrid o | | |
” ” ) ] ) ~unction 1 was aligned to function 2 in 172 seconds.
Approxmatlng "V with a grid: DI 8 P 0 o e P 8 9 | g oo - B o s aocna s oo- i e BRaaRBRAEGE ot Warping function <y on the right inside last strip (boundary in green).
{t:i}i21 = a partition of [0,1] (= axis). SR e T A e
(%4 = apartion o 01 1 axis) §ioRemm oW e B oW | T A =
Point (%, %) coincides with grid point (Z,7). G s e | | // 7=
") approximated by increasing piecewise linear ’Y*- B R e = e A L B S AE e L M - l e 7

Vertices of graph of 7y are grid points. to 17 x 17 subgrid Complexity = O(N + N/2 + N/4 ...) = O(N)
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