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Introduction

Adopted set notations

B Ng:={0}UN={0,1,2,...};

m Z, R, C which represent the sets of integers, real numbers and
complex numbers respectively

m C*:=C\{0}and Ct:= {z € C*: |2]| < 1};

ma:={a,...,a,}, ax €C, nkeNy, 0<k <n:

r+a:={r+ay...,c+a,}, Y= {9, . .. gy},
+a := {a,—a},

o — [0 =)

2T = {2,271},

{6} = {a, b},
{(IE} :={a, b, c}.
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Introduction

Introduction: special functions related to elliptic PDEs

Special functions arise in the theory of linear partial differential equations
through:

m Separation of variables for linear homogeneous partial differential
equations L¥ = 0 in special coordinate systems;

m Functional dependence of fundamental solutions for the linear
partial differential operators L® = ¢;

m Eigenfunction “expansions”’ for fundamental solutions in separable
coordinate systems

(@) = 3 éu(a),

neA

d(x) = s o(x, k)dk.

m Addition theorems arise which connect these expansions. Askey:

(these) are among the most important facts known about these
functions.
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Introduction

Example: Laplace's equation in three-dimensions

A fundamental solution is the reciprocal distance between two points. The
study of the three-variable Laplace equation was pioneered by Bécher in his
1891 dissertation, Ueber die Reihenentwickelungen der Potentialtheorie

m elementary functions (exponential, logarithmic, trigonometric,
hyperbolic), Jacobi elliptic functions, elliptic integrals;

m hypergeometric functions (associated Legendre functions,
Jacobi/Gegenbauer/Legendre polynomials)

m confluent hypergometric functions (Bessel/Hankel functions, parabolic
cylinder functions, Whittaker functions, exponential integrals, error
functions, Laguerre polynomials, Hermite polynomials)

m Hill's equation (Mathieu functions, Lamé functions, Lamé-Wangerin
functions, ...)

m more general functions (solutions to 2nd order ODEs with 5 regular
singular points) ... (ongoing work with Hans Volkmer)
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Introduction

m Generating functions arise as special cases of the eigenfunction
expansions which arise (e.g., Ismail & Simeonov (2016))
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Introduction

Wilson polynomial generating function and g-analogue

(1 _ t)l—u—h—c—d

« oF %(a—}—b—&—c—i—d—1),%(a+b+c+d),a+ix,a—ix__ 4t
43 a+b,ate,atd To(1—¢)2

2 (a+b+c+d—1), W, (2a,b, ¢, d)i". (9.1.15)

(a+b)y(a+c)u(a+d)un!

m Rahman'’s (1996) g-analogue

(tai23a(gap) L @)oo +(g ar234)?, £(a1234) 7, ape=? 0d
(tap i @)oo {apas}spp, tarzsa(qay) ™t qayt =t

— — 1 — 1 ;
{tas}s#pa q a12347 a‘pe ’ q}oo 6¢5 ita‘p ! (q 1‘11234) 2, ita‘p 1(0'1234) 2, teiw ‘4, q
— ) )
{apas}s#p: apt 17 teiw? Q)OO {tas}s;é;n t2(11234 (qa?;)_lv qtap !

_ i " (g ta1231: Q)n pu(z; 8lq)
n—0 (Q7 {apas}sgﬁpQQ)n
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Introduction

Generating function for continuous dual Hahn

m generating function for continuous dual Hahn

_ v,a t iz t 2t (Y)nSn (2?5 a, b, ¢)
1— )=, =
( )7 2(a+b,a+c’t—1) Z nl(a+b,a+ c)y,

m Cohl & Costas-Santos (2022) g-analogue

Theorem 3.8. Let v € C. Then one has the following generating function for continuous dual
q-Hahn polynomials

i (i), py(mola) , _ (ae*"iq)
= (g,ab,ac;q), (abac;q)

(ab,ac,vt/a;q),  ( v,ae*¥,0 (tb.te,719) t/a,te*i, 0
x(—m4¢3 ! 0.9 |+ a3 "/ iq,q ) ) -(89)

(ae*® t/a; q) ab,ac,qa/t’q’ (te* a/t; q),, th,te,qt/a
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Introduction

Transformations for single nonterminating bhs
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Introduction

Jacobi polynomials: P*? . C — C

m Jacobi polynomials are orthogonal polynomials, orthogonal on the real
interval (—1,1). They can be defined for n € Ny as

(Ol“‘].)n —n,n—l—a—l—ﬂ—i—l 1—=z2
—2F1 ; .
n! a+1 2

m Orthogonality relation:

1
/ PP ()PP (2)(1 — 2)*(1 + z)Pdx
-1

22D (a+n+ DI(B+n+1)

= 1 Om,n-

Cn+a+p+1)l(a+B8+n+1)n

m They satisfy the parity relation
12N =) = (=) ().
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Introduction

Integral representation method for Askey—Wilson

polynomials to obtain new generating functions
Cohl & Costas-Santos (2022)

Theorem 3.1. Let a,b,c,d, f,o € C*, max(|a|,|b],|c|,|d|,o) < 1, g € CT, x = cos® € [-1,1],
z=-¢e". Then

(Qr aei‘lQ’ beiiar wiiﬂ; q) (ab', ac, be; Q)
: = - e 2D (x;a,f, N
P, (71 al) 27 (f, %: feid %6‘219, ab. ac, be: q)oo (@ &.5010), (68)
where
eil Lo=il)o (feil Lo=i0 ghe)Z:q)  (d2: n
D, (w0, f,0lq) — f e )5 et e s oo(zz.q)n (3) v (69)
% (0 b, 550)., (heziq), \o
/ ((fabce?, "abce‘i'f’)"r (f ﬁew,%ﬁe‘w,l)ﬁ;q)m
(abec®@2, (T T 1)z
(abcdZ; q) 1 z\"
— s de).
< (Z:9), (abca’) ¥ (70)
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Introduction

Jacobi polynomial special values

m The Jacobi polynomials have the following two special values
(a+1),
n!

n(B+Dn
nl

)

PEA(1) =

PE)(=1) = (-1)
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Introduction

Jacobi polynomial Poisson kernel

m Poisson kernel for Jacobi polynomials: Bailey (1964), p. 102,

(1t

a, 2n __
(@) PSP (y)t = Ot @2

+6+3
i l(a+ B +1,23543), plasf)
—(a+1,8+1, 254, Fa

,a+1,8+1

a+B+2 a+p+3
F( f+2 a+p

sin? @sin? ¢ cos? @ cos? ¢
CatAtTh) T g+ )

where
ZOO ZOO (@, B)min T™y

F4(0Z,5;’7,"}/;l',y) = ’ min R

n P nl!

and +/|z| + /|y| < 1.
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Introduction

The g-Askey scheme of basic hypergeometric OPs
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Introduction

Continuous g-Jacobi polynomials: P,S‘)’”B)(:c|q)

m Continuous g-Jacobi polynomials are orthogonal polynomials,
orthogonal on the real interval (—1,1). They can be defined for
n € Ny as

B (3o +270l) = (q(q; Dn

w g™, qoz-i-,@'—i-l—i-n’ q%+izi ‘
e qa—i-l’ _q%(a-i-ﬁ-i-l), _q%(a+,3+2) 34,9 ] -
m Orthogonality relation:

1
/ P8 (2]q) P (] g)ul® (2l g)dx = B (q)bum.
-1

m They satisfy the parity relation
i) (~alg) = (g2« )" PP (alg).
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Introduction

Continuous g-Jacobi polynomial special values

m The continuous ¢-Jacobi polynomials have the following four special

values
: 1 (¢°Tliq
PP (3(q2F3 4+ q72973)|g) = (@) i
9 n
1
1,13 _l,4_3 1, (qotL, —galatBtd).
PleA (L(gzati 4 g9 |g) = ¢ 2n(( e ))n,
q,—q?2 y4)n

a—pB

n (gB+1. n
PO (=3(ghE + g h)jg) = (=g )" LD

(4 q)n
n (gPF1, —qz(@t843). g),
1
(¢, —q2@A+D): q),,

)

lp,3 _lp_ 3 B—1
PeR)(=4 (g + ¢35 1)jg) = (—¢*F)
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Introduction

Poisson kernel for orthogonal polynomials

m Given an orthogonal polynomial p,(x;a) over set of parameters a,

b
/ Pn(2;@)pm (x; a)w(z; a)de = hy(a)dmn

the Poisson kernel with z,y € (a,b) is defined as

Zh a)pn(z; a)pa(y; a)t"

m Note that as ¢ — 1 the Poisson kernel approaches the closure relation

Zh 2)pn(z; 2)pn(y; 2) = LL=Y)

w(z; a)

m which is also the flnlte value for the Christoffel-Darboux formula

Zh a)pn(z; a)pa(y; a)
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Introduction

Poisson kernel transformations from z, w special values

m Consider z = 2(z +271), y = 3(w +w™?) in the Poisson kernel.

m Then choose z € {a,b,c,d} and w € {a,b,c,d}.

m By inserting special values of continuous g-Jacobi polynomials into its
Poisson kernel, transformations for single basic nonterminating
hypergeometric transformations with arbitrary argument are produced.

m Diagonal transformations produce unique transformations for a single
basic nonterminating hypergeometric function.

m Transformation formulae for a single basic nonterminating

hypergeometric function are produced in pairs corresponding to the
off-diagonal elements.
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Introduction

The Askey—Wilson Poisson kernel

The most general symmetric Poisson kernel for Askey—Wilson polynomials
Ki(z,y) := K¢(x,y; alqg), which is given by

(@l +/qabed; q)n pu(@; alg)pn(y; alg) "

Kt(wvy) = Z

n—=0 (¢, £ “ZCd, ab, ac,ad, be, bd, cd; q)y,

oo abcd i\/m ab, ac, ad,; Q)
_ Z ru(w; alq)ra(y; alg)-
n=0 q, + al)%i’ b07 bd? Cd; Q)na2n

For ad = be, then the Poisson kernel takes a simplified form
be
Kt(xa y) = Kt(xa y;a, by@, E’(J)

b22

= (5 s nt”
= i B a%rn(rv;a!q)rn(y; alq).
9 n

' a0 a !
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Introduction

Askey-Wilson Poisson kernel with ad = be

Gasper & Rahman (1986). Let ¢ € C', t,a, 8 € C such that |t| < 1. Then
the Poisson kernel for Askey—Wilson polynomials with ad = bc is given by

,qbct @)oo Z —be, £,/gbe, % beE, bc wE; Q)ng”
(qt27 bC’q n=0 (q’ b Pe bC, 27quti7q)

a ) a
-n,2 l-n 1-n
qg"a® ¢ "a ¢ "a _ + +
XIOWQ( 5 »d n,az ,aw—i4q,q

Kt:

be ' b2c T be?
(t, % a p2c2 qwt, bzt ctz®, th Qoo o= (—t, +.,/qt, bc—Qt JtzEw®; q) g™
(ab ac, bC, %7 bzcv bft7 btcvt iwi7 Q)oo n=0 (q7 t27 sz act7 CtZi thwi l])n

—17.2 n
q" bt _ q"tc be
X 10W9 (T?qnt7 qn letaT,;Ziacwi;‘Lq

(¢, ff,bQC2 cw®, bc 2E, atzE, btwt; @)oo = (—t, /at, abt, tzFwE; @)ng"
(ac7b 7b[c7‘2’%7 E7abt7 btc7tziwi7q)oo n=l 0 (q7 qt2’ gz? Cat’at'zi btwi q)

"at
x 10Wo (q"’labt; g, " "bet, T baE aw g, q) -
@
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Introduction

Poisson kernel for continuous g-Jacobi polynomials

m For the continuous ¢-Jacobi polynomials, ad = bc.

m Choosing the values for (a, b, ¢, d) for continuous g-Jacobi
polynomials, the Poisson kernel is given by

a+pB+3
a+6+1’ 5

(g9 q ; q)nt™
atpB+1

T
n=0 (q®+1,¢B+1,¢= 2 ;q)g®t 2"

Ki(z,y) = PP (a]q) PP (ylq)t".

m Gasper & Rahman (1986) derived the following expression for the
continuous ¢-Jacobi polynomials.
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Poisson kernel for continuous g-Jacobi polynomials

atp [ 1 8.3 8.3
(¢ 2 Jr{m}’—q2 125, —qrhiwE q)ng”
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t=1; Q)n

3a+p+5
2 t7 —q 2

p p 3a+8+5
(=g 7 Q) o
P a—p—1 a+8+2 B—a+1
(2F22,—q¢ 2 @)oo n=0 (¢:¢P*—¢ 2 ,—¢ 2 ,—
—B— a1 a1
! ”,qﬂﬂzi,q?“w*;q,q)

Kt(wuy):
a=f—2n-1 _

X10W9(—q T g ", g

3a—B+1 a3 a1 B3 B5
3 t,q2+42i,q2+4wi,—q"‘+2+4tzi,—qo‘+2+4twi;q)m

atB {1{2}
2 a=8
(¢*, —q 32)  —q2

(¢t P38, —q* 31, ¢ itz wd Qg
B B
qa+§+%tzi7 _qa+§+%twi; Q)n

B—a+1 1
51, ¢ atetuwE; g)oo

1
(qa+ﬂ+2, qa+2 t,—q

+
3
,q°HPTat, —q

o0
3a—p+1
2, —

X
a—p+1
n=o (¢, 42, —q¢ >, —
atB+2ntl 3a+484+2n41 8,3 841
T t,—q @ t,—q2+4zi7—q2+4wi;q,q)

1 1
% 10We <qa+5+2+nt; eI, —
it —¢ T it 9w

1 atf+1 B3 B 1 3a
| (qu+5+27qa+2t77 5 t,fq2+4zi,fq2+4wi,fq o8
I a+B {1{2}
2 B—a 3 B—a+1 1
B-a 9,43 — B .
(¢°+1,—q 320 —q7z gt —q 2t " etz e g)o
1 3 1
5 o (iqot+1t7 7qo¢+2t7q2a+2t7qa+2tziw:k1q)nqn
a+B+1 a—f+1 3a 3 Ba, 5
a0 (@, q%+22,—q 2 t,—q z t,q2 TitzE gz Titwt;q)y,
3a+B+2n+1 3a—B+2n+1 a3 a1
T, ? t7q5+2zi,q7*1wi;q7q)-

1 1
X 10Weo <q2a+§+nt; ottt -
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Generating functions from special values

m Generating functions are produced by replacing z € {a,b,c,d} or
w € {a,b,c,d}.
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Generating functions

®m w = a generating function

a+p+3
Br1  etBEl T|q)t
=0 (@@q 2 59
(@O, =T —q Tt o i )
(q2a+2t2, —q°‘+1t, —qo‘+5+%t, q§+2tzi; Q)oo
B—a a+B+3 B
><sW7( AR T B B R TR P —q‘”%t)
m g tol limit
+5+3
i(a+6+1,a§ )nP(a’ﬁ)(:p)tn— =
n - a ﬁ 3
E (g1, SR (1412 — 22) 2

B—a a+p+3
X oy RN .——Qt(l—i—x)
B+1 "1+t -2x
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Generating functions

m 2z = d generating function

00 +B+1 a+B8+3
( g iqw-zu )npy(za’ﬁ)(ﬂQ)tn
=0 (P, xq 2z ;q)n

(qa+ﬁ+2t2,qa+5+3t;q)oo q7a+§+2,iqa+zﬁ+3,q%+% +
504 . q

(¢ TP342 ¢ q) o at+l, _q“+§+1 L qoHB+3t gt—1 4

atB+1 atf42

—T ¢ g it g)a

(qoz+ﬁ+2 a—l—lt’

.q
a+pB a+p+2
(@1, —g T, —¢T Tt g5 T itwE; g)o

6 ¢ T kg Tt g5 Tt
X 5P4 atf+1 , 4,4
ot g2 g T gt
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Generating functions

m g to 1 limit
3@+ L R ey L
(+1, %ﬁﬂ)n " A (1 —t)at+p+3

n=0

+6+2 a+B+3
o [EE2 2y 1)
a+1 T (1 —1t)2
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Single nonterminating transformations from special values
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Introduction

Alternate continuous g-Jacobi polynomials

m Another g-analogue of the Jacobi polynomials is given by

_ g tB+L.
PR (;q) = g L 1 Dn plas) (102
(=@ 9)n
This follows from the quadratic transformation

o T HTEE 5
_a7_qa’7q2b262 T

a qb
_q7__;q7'l 9 a/7 bl
Z(bC)"—( b )) 4¢3<q o b,q,q)-

(—a, —qbc; q)n —q, — £, qbc

and therefore has the following representation in terms of
Askey-Wilson polynomials
n/2 1 q
P{A(2;q) = 0 pn(2397, —q3, ¢°*, —gPFLg).
" (Qa —q, —¢q; Q)n "
m Poisson kernel for quadratic g-Jacobi unavailable as of yet.
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Alternate continuous g-Jacobi polynomial special values

m The continuous ¢-Jacobi polynomials have the following four
alternate special values

at+l _  B+1.

@)1k —Iviay _ avn @5 =07 500
PP (5(a2 +q72)lg”) = (¢) (G T,
(_qa+1aq6+1; )n
(g, —q**+B*1;q)p
R
(¢ —¢ Dn
- q),

(=4 @n

1 1 n
PP (—1(g2 +q72)|¢?) = (—¢%)

a+1

I

1 a1 q
Prga,ﬁ)(%(qa—i-Q +gq «a 2’(]2) _ (

1 1 _ n
P@B) (1P 4 ¢ h)|¢?) = <_qa ﬁ) (

Howard S. Cohl (NIST) Special values for g-Jacobi polynomials Saturday, December 4, 202128 / 33



Introduction

Quadratic continuous g-ultraspherical polynomials

2a+1.
. 20+1) 2y _ —a—l)" (£q 7Q)np(aa
Cn(w; 47| q7) (q ) Eetg), " ) (z]¢?).

Cn(=;Blg) = (=1)"Cn(; Blq)-

200+1.
i -1 -2 (q 7q)
Cn(3(q2 +q72);¢*M|¢?) = 72—,
e (6 Dn
200+1.
1. -1 _\" (¢ @)n
Cn(—=3(g2 +¢72); ™ |q? =(—q 2) = vn
2t ) 1) (¢ 0)n
200+1 200+1.
= —a-1 — 1 (q y —q 7Q)n
Cn(3(°T2 + 77 2); % g?) = g (@F2)m
e (4, —a;q)n
20+1 200+1.
1 a1 _ L\ (g , —q ;4
Cul~3a™ + - Hy 2 ?) = (g D) s
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Poisson kernel for quadratic g-ultraspherical polynomials
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Quadratic continuous g-ultraspherical polynomials from its

Poisson kernel

. . 1
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Future directions of work for this powerful machine for
constructing standard generating functions. And

transformations for single nonterminating basic
hypergeometric functions with arbitrary argument

m Write down and carry through analysis for the 8 generating functions
and 16 transformations and ¢ to 1 limits for continuous g-Jacobi
polynomial.

Askey—Wilson polynomial Poisson kernel (these exist in the literature,
but there are some typographical errors which need to be fixed).
Quadratic continuous g-Jacobi polynomial Poisson kernel (2 free
parameters).

m Higher multi-linear generating functions for Askey—Wilson polynomials
(4 free parameters) and other polynomials.
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