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FIRS T-ORDER METHODS

minimize F'(x)
xXr

Generalizes Gradient descent
Lk+1 — Lk — TVF(QZ‘k)
KOS Con

* Linear complexit
P i * Poor convergence rates

* Parallelizable

* Low memory requirements

Solution:
Adaptivity and Acceleration
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CONSTRAINED PROBLEMS

minimize  H(u) + G(v)
subject to Au+ Bv=5»
Big Idea: Lagrange multipliers

max min H(u) + G(v) + (A,b— Au — Bv) + _ [|b— Au — Bo|?

» Optimality for A: b — Au— Bv =0
* Reduced energy:  H(u) + G(v)

» Saddle-point = Solution to constrained problem



ADMM

minimize H(u) + G(v)
subject to Au+ Bv=5»

Blg |dea: Lagrange multipliers

max min H(u) + G(v) + (A,b— Au — Bv) + _ [|b— Au — Bo|?

Alternating Direction Method of Multipliers
wps1 = arg min H(u) + (g, —Au) + %Hb — Au — Bu|?

u

7_
Vg1 = argmin G(v) + (A, —Bv) + §Hb — Aupyq1 — BUH2

(Y

>\k—|—1 — )\k -+ T(b — Auk_|_1 — ka_|_1)



EXAMPLE PROBLEMS

Non-Smooth Problems

min |Vl + flu— £

\ NOISY

Image

* [V Denoising

* [V Deblurring "
min [Vl + 5| Ku - /|

* General Problem:

min V| + | du — £

Goldstein & Osher; “Split Bregman,” 2009
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EXAMPLE PROBLEMS

Non-Smooth Problems
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variation
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EXAMPLE PROBLEMS

Non-Smooth Problems

| w
- TV Denoising min [V + §Hu 0

* [V Deblurring " ;
min |[Vu| + 5 || Ku — f|

|

* General Problem: blurred
image
: I3 2
min |Vu| + §\|Au — £

Goldstein & Osher; “Split Bregman,” 2009



EXAMPLE PROBLEMS

Non-Smooth Problems

| w
- TV Denoising min [V + §Hu 0

* [V Deblurring " ;
min [Vu| + 5| Ku — f]|

* General Problem: Convolution

min V| + | du — £

Goldstein & Osher; “Split Bregman,” 2009



EXAMPLE PROBLEMS

Non-Smooth Problems

| v
- TV Denoising min [Vu| + §Hu 0

* [V Deblurring "
min |Vl + & | u — £
« (General Problem:

min |Vu| + —HAU v f||2

General Problem
Goldstein & Osher; “Split Bregman,” 2009
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WHY IS SPLITTING GOOD!

Non-Smooth Problems
min |Vau| + gHAu —f?

» Make change of Variables: v < Vu
* 'Split Bregman' form:
minimize  |v| + gnAu L
subject to Y — V=10

- Augmented Lagrangian

1
o] + Sl Au— £I? + (A v = Va) + 5l =

Goldstein & Osher; “Split Bregman,” 2009



WHY IS SPLITTING GOOD!

Non-Smooth Proble
min |Vu| + gHAu .

Qs

| 2

1
o] + Sl Au— fI? + (A v = Vu) + 2l =

ADMM for TV

. T
U1 = argmin ||[Au — f||* + §Hvk — Vu — Mg ||?

u

, T
Vg1 1 = arg min |v| + §HU — Vg1 — \||?

(Y

)\k_|_1 — )\k + T(VUk+1 — U)

Goldstein, Osher. 2008




WHY IS SPLIT TING BAD!

TV Denoising:  min [Vu| + £ [lu — f|]




GRADIENT VS, NESTEROV

Gradient Nesterov




GRADIENT VS, NESTEROV

Gradient Nesterov

1
O (—2) <+— Optimal

Nemirovski and Yudin ’83



NESTEROV'S METHOD

minimize F'(x)
xXr

Gradient Descent  Tk+1 = Yx — TV F(yx)

. 1
Acceleration Factor k1 = 5 (1 + \/4042 + 1>

2

C X — 1

A+ 1

Nesterov ’83



ACCELERATED SPLIT TING
METHODS



HOW 1O MEASURE
CONVERGENCE?

No “"Objective’” to minimize

Unconstrained Constrained

S ¢

o
S
A S

/
//
. T
e - ’/J// ‘‘‘‘‘‘
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eSO UAES

minimize H(u) + G(v)
subject to Au—+ Bv=2»

» Lagrangian
minmax H(u)+ G(v) + (\,b — Au — Bv)

(Y A
* Derivative for \ b— Au — Bv =0
» Derivative for u OH(u) — A"\ =0

* We have convergence when derivatives are ‘small
T :b—Auk—ka
dk — TATB(Uk o Uk—l)



EACLICTT RESIDUAESS

* Explicit formulas for residuals
Tk :b—Auk—ka
dk — TATB(Uk 0 Uk—l)



EACLICTT RESIDUAESS

* Explicit formulas for residuals
r. = b — Auir — Bug,
O = A By, = o)
» Combined residual

1
ek = lIrill® + =lldx|*

Goldstein, O'Donoghue, Setzer, Baraniuk. 2012 & Yuan and He. 2012
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* Explicit formulas for residuals
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O = A By, = o)
- Combined residual
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EACLICTT RESIDUAESS

* Explicit formulas for residuals

r. = b — Auir — Bug,
O = A By, = o)
» Combined residual

1
ek = lIrill® + =lldx|*

MM MA conversge at rate

cr < O(1/k)
Goal: O (%)

Goldstein, O'Donoghue, Setzer, Baraniuk. 2012 & Yuan and He. 2012



FAST AR

Require: v_; =99 € RN A_; = 5\0 =N = = (]
Stor ki —=1,2.3... do

2w = argmin H(u) + (A, —Au) + 5 ||b — Au — Biy,|?
3: v = argmin G(v) + (A, —Bv) + Z||b — Auy, — Bu||?
4: )\k:5\k+7(b—Auk—ka)

Y S E
A |
6 Vkp+1 = Uk (();’ZH o — )
) Sl
T A1 = A+ (A — Ak-1)
8: end for

Goldstein, O'Donoghue, Setzer, Baraniuk. 2012



FAST AR

Require: v_; =99 € RN A_; = 5\0 =N = = (]
Stor ki —=1,2.3... do ;
2:  ug = argmin H(u) + (\g, —Au) + Z||b — Au — By ||?
3: v = argmin G(v) + (A, —Bv) + Z||b — Aug — Bv||?
4: )\kZS\k—I—T(b—Auk—ka)

1++/14+4a?
. —1
6 Vk+1 = Uk f;’zﬂ (Vg — Vg—1)
) —1
T Ak = A+ (A — Ae—1)
8: end for

Goldstein, O'Donoghue, Setzer, Baraniuk. 2012



CONVERGENCE RESULTS

To prove formal convergence bounds, need assumptions:
» Strong convexity of the objective

» Stepsize restriction

Theorem

Suppose H and G are strongly convex and that
O‘HO%;
p(ATA)p(BT B)*’
then fast ADMM converges with
Ol = NP

T k2
Without strong convexity, convergence is still
cuaranteed using a “restart” method.

7'3<

Goldstein, O'Donoghue, Setzer, Baraniuk. 2012




RESULTS: ROF

i V| + guu— 7112

172/3116

— |

142/2149

£ vt 190/4990



MACHINE LEARNING:
EEASTICINES

A 1
2 a2 + - | du — £

Random A, Sparsity = [5/40

min A1 |u| -
U

Restricted Stepsize
| | |

10

20X
Faster

Goldstein, O'Donoghue, Setzer, Baraniuk. 2012



DISTRIBUTED MACHINE
L EARNING

Consensus and Transpose Reduction Methods



WHY DISTRIBUTE?

*data Is stored across many servers
*datasets are big (memory Is an Issue)
ecommunication Is expensive

CPUs GPU
*\ery scalable *Not so scalable
*Cheap (cloud platforms) * Expensive
* Communication cheap » Communication expensive

Google compute engine

( ;mgle-Comput‘b Engine




LINEAR CLASSIFIERS

training data ®

feature vectors
vectors containing
descriptions of objects ®

labels
+|/-1 labels indicating

which “‘class’’ each vector
lies in o




LINEAR CLASSIFIERS

goal
learn a line that separates
two object classes

what line Is best?




SUPPORT VECTOR MACHINE

SVM

choose line with
mMaximum “‘margin’

1
margin width = Twl




SUPPORT VECTOR MACHINE

margin width = Tol|

hinge loss
penalize points that
le within the margin

Z h(al w)




SUPPORT VECTOR MACHINE

margin width = Tol|

hinge loss
penalize points that
le within the margin

Z h(al w)

short-hand a'w=1
h(Aw)

combined objective

1
minimize §HwH2 + h(Aw)



SCALED AN

minimize f(x) + g(y)
subject to Ax+ By+c=0

augmented Lagrangian :
Lr(z,y,A) = f(z) + 9(y) + (A, Az + By + c) + S [|Az + By + ¢’

scaled Lagrangian

I 1
Lr(2,y,A) = f(2) +9(y) + 5 || Az + By + ¢ + ;AH2

These differ by a constant



SCALED ADMM

minimize f(x) + g(y)
subject to Az + By+c=20

scaled Lagrangian
Lo,y A) = (&) + 9(u) + - | Az + By + e+ ~ A
A= A
L(x,y, %) = f(z) + 9(y) + 5| Az + By + c + A
scaled ADMM
2"t = argmin f(z) + %HA:E + ByF + ¢+ \F|?

: T 2
y" T =argming(y) + S [|Az"T + By + c+ A7
Y

Nt — 3F 4 Azt 4 Bkt 4




DISTRIBUTED PROBLEMS

minimize g(x) + Z ol

example: sparse least squares

minimize p|x| + §\|Ax — l# Aq

As
A= ,

1
minimize p|x| + Z §||Az$ T bz'H2

data stored on different servers



CONSENSUS ADMM
minimize g(x) + Z islas)

Central server holds global variables: z

Every client gets local copy of unknowns: x;

minimize g¢(z)+ Z i)

subject to x; = z, Vz

Boyd et al. ‘10



EONSENSUS ADMIS

minimize ¢(z) + Z fi(x;)

subject to x; = z, Vz

scaled augmented Lagrangian
D)+ D filw) + 30 gl — 2+ Al

consensus ADMM

central server: z*T1 = arg min g(z) + Z — ||:L’ — 2+ )\]‘CH2

Z

remote client: azkH = arg min f;(x;) + §||$z — 24 )\mz
Lq

remote client: A7t = \F 4 pF SRt

(2




ERAMPLE: TASSE
minimize u|x| + Z %HAZZU EE biH2

scaled augmented Lagrangian
- M\ZHZ—HA ri — bi H2+Z—\|ﬂﬁz—z+A |
CONSENSUS LASSO

1
MPI reduce: n* = ~ > oaf + A

! N
, T
central server: z"T? &

= axgmin plz| + 5| +
z 1
— argmin 5 | Aiz; — b + 7 [lo; — 21 4 A

Lq

remote client: ka

remote client: )\i.““ — )\7{? + xf“ _ k1



PROBLEMS WITH CONSENSUS

1
minimize pu|x|+ 5“1433 & bH2 Aq
Ag
A = :
1 :
minimize pu|z|+ Z §HAZCU = bi||2 An

VWorks well for homogeneous data: everyone agrees
What about heterogenous data’

What about many cores?



TRANSPOSE REDUCTION

1
minimize §HA£E — |?

LA AN i i
F I 2

normal equations




TRANSPOSE REDUCTION

Aq
1 Az
minimize || Az — b|| A=1 .
Apn
LA AN

distributed computation

T ATo =2  Ab,

normal equations

ATA = AT A,
Big idea

Solve complex problems with ADMM,
solve least-squares sub-problems with R




UNWRAPPED ADMM

phnizesS g fAT) = gl —I—Z]‘},Ax

Eélineliel S
I Lo g
minimize 7 |x||* + h(Ax)

A = data, h = hinge loss



UNWRAPPED ADMM

minimize g¢(x)+ f(Ax) = g(x +ZfZA$

Eélineliel S
i Lo g
minimize §H:L’H + h(Ax)
“unwrapped’ form

minimize §||$||2 + h(z)

subject to 2z = Ax



TRANSPOSE REDUCTION
ADMM

1
minimize 5 |z||* + h(Az)

“unwrapped’ form

1
minimize §||w||2 + h(z)

subject to 2z = Ax | east squares:
use IR here
scaled augmented Lagrangian )

1
minimize _|l2]|? + h(z) + guz — Az + A||?



DISTRIBUTED VERSION

S L
minimize |x||* + Z h(A;x)
“unwrapped’ form
S [t
minimize §||$H —I—Zh(zz)

subject to z; = A;x
scaled augmented Lagrangian

1
minimize §||x|\2 + ZL: Bl ) = %sz — Az 4+ N7



IS T RIBU | ED STERS

scaled augmented Lagrangian

1
minimize §||xH2 + Z Bl ) =F %sz — Az + Ni|?

setup phase
Form: ATA =Y. A A,
remote servers: z-update
1 = minimize Y h(z) + = |lz — Aa® + A¥|?
2 : 2
central servers: x-update
i

1
o#+1 = minimize - [z + %sz“ — Az + A2
36

remote servers: lambda-update
k+1 _ \Ek k+1 k41



TRANSPOSE REDUCTION

transpose reduction
() () [ r—

cloud
= =6 —= 6 ==V, p—
data K — 7
central s data |° gy, Centra
SEIVer [ | il! server

Transpose reduction ADMM

» servers work together to find one solution

» central server makes simple queries
s fits classitier (SVIM) on 71B dataset in' |5
seconds using /500 cores



EXPERIMENT: SVM

2K features, 50K data points/core

Amount of Data (GB)

4 8 CORSERSEs

&
©

W
=

|000X speedup

N
Ul

N
o

[
Ul

transpose
reduction

Total Computation Time (Hours)
[
(=)

Ul

A . SN i —( ]
60 120 180 240
Number of Cores

(=)

Goldstein & Taylor ‘|5



GUIDE STAR CATALOG |l

All known objects from Palomar and UK Schmiat surveys
About 2 billion objects

H.|lenkner, B.Lasker; ‘90



USNO GUIDE STAR DATABASE

960M features vectors (1.81B), 2500 cores

le8

!

7.0

60X speedup!

4.5+ .
4.0+ \ _
N ——@

30 20 40 60 80 100 120 140
Wallclock time (s)

consensus does not converge until t=1180 sec
Goldstein & Taylor ‘|5



FORE COMPLEX PROBEERS

GLMs & Linear classifiers Neural nets




ADMM FOR NEURAL NETS




ADMM FOR NEURAL NETS

a1

minimize {(ag)

SllbjeCt to L9 = Wlal, ao — 0'(22)

L3 = WQCLQ, a3 — 0'(23)



ADMM FOR NEURAL NETS

a1

minimize {(ag)

1 1
+5 22 - Wia1® + 5 llaz — o (22)]|?

1 1
+§l|23 — Waas|* + §||a3 — o (z3)||°



MINIMIZATION STEPS

minimize {(ag)

1 1
+§||22 — Wiaq||* + §Ha2 — o (z2)||?

1 1
+§||23 — Waas||” + 5\\613 — o (z3)]°

Solve for weights: least squares convex
Solve for activations: Ieast squares + ridge penalty convex
, . b non-convex
Solve for inputs: coordinate-minimization

but global



MINIMIZATION STEPS

minimize {(ag)

1 1
+§||22 — Wiaq||* + §Ha2 — o (z2)||?

1 1
+§||23 — Waas||” + 5\\613 — o (z3)]°

Solve for weights: least squares convex
Solve for activations: Ieast squares + ridge penalty convex
, . b non-convex
Solve for inputs: coordinate-minimization
but global

Use TR to solve least squares: scales across nodes



LAGRANGE MULTIPLIERS

Classical ADMM

minimize /{(ag3)

1 1
851122 — Wiai|® + 5 llaz — o(22)II° +(A1, 22 — Wian) + (s, (as — 0 (22))

1 1
5112 — Waas |2 + 5 llas — o(2)|° +(Aa, 2 — Waaz) + (A, a3 = 0(23))

...unstable because of non-linear constraints

Bregman Iteration o~ multiplier

minimize f(az) +{\, az) term
1 1
+§\|22 — Wha1|]” + §Ha2 — iz
1 1

+5H23 o W20}2H2 5 §HCL3 s 0(2’3)H2



NEURAL NETS

)

hidden layers ~ | 50K welights

“Street View' house number classification: | 20K

data

2496 core ADMM vs GPU (K40, 2880 cores)

1.00

0.95}

0.90

0.85F

CG —

GPU 0.80}

0.75F

0.70F

0.65

TR

2496 cores

5 10 15 20 25

“Training Neural Networks Without Gradients: A Scalable ADMM Approach.”

Taylor, Burmeister, Xu, Singh, Patel, Goldstein. ICML 2016



NEURAL NETS

3 hidden layers ~ 300K welights
"Higes™ particle classification: 10.5M points

7500 core ADMM vs GPU (K40, 2880 cores)

0.65~
( BFGS
_0.60| GPU
o
>
< 0.55|
&
2 050l TR SGD
' 7500 cores GPU
04390 10 10° 10°
Time (s)

“Training Neural Networks Without Gradients: A Scalable ADMM Approach.”

Taylor, Burmeister, Xu, Singh, Patel, Goldstein. ICML 2016



NEURAL NETS

3 hidden layers ~ 300K welights
"Higes™ particle classification: 10.5M points

7500 core ADMM vs GPU (K40, 2880 cores)

0.65~ .
[ > BFGS
_0.60] 100X GPU
5 speedup
>
< 0.55|
&
2 050l TR SGD
' 7500 cores GPU
04390 10 10° 10°
Time (s)

“Training Neural Networks Without Gradients: A Scalable ADMM Approach.”

Taylor, Burmeister, Xu, Singh, Patel, Goldstein. ICML 2016



ADAPTIVE METHODS

minimize f(x)

g — L

Lhovv to choose!

minimize  H(u) + G(v)
subject to Au—+ Bv=2»

Augmented Lagrangian
max min H (v) + G(v) + (A, b — Au — Bv) + %Hb — Au — Bol|?

A U,V



e I RAL S TEFTES
minimize f(x)

A" == A

“Spectral” approximation

Barzilai & Borwein, “Two-point stepsize gradient methods,” 1988



e I RAL S TEFTES
minimize f(x)

A" == A

“Spectral” approximation

@7
2l

optimal stepsize = é

Barzilai & Borwein, “Two-point stepsize gradient methods,” 1988



e I RAL S TEFTES
minimize f(x)

A" == A

“Spectral” approximation

87
= 2|

optimal stepsize = é

Barzilai & Borwein, “Two-point stepsize gradient methods,” 1988



oy 1O GEL ST

minimize f(x)

AT = = P

from quadratic model
Vflx)=azx

IS4

Vit - V(a*) = aa*t!

least squares solution

L _ @ = TV - V) !
. [ — 2"

optimal stepsize = %

Barzilai & Borwein, “Two-point stepsize gradient methods,” 1988



oy 1O GEL ST

minimize f(x)

AT = = P

from quadratic model
Vflx)=azx

IS4

Vit - V(a*) = aa*t!

least squares solution

L _ @ = TV - V) !
. [ — 2"

optimal stepsize = %

Barzilai & Borwein, “Two-point stepsize gradient methods,” 1988



FORWARD-BACKWAR

D MEeTHRCOES

minimize f(x)+g(x)

AT == A

k+1 1
2

¥ = arg min g(x) -

Advantages

* Fast! Superlinear for some problems
 Automated

* Can solve non-differentiable problems
e Can handle simple set constraints

|lx — &

k—|—1||2

optimal stepsize = =



FAS TA: Fasta Adaptive Shrinkage
Thresholding Algorithm

minimize f(x)+g(x)

You provide: Vf(x) proxg(z)
FASTA does the rest!

stepsize choice! precondrtioners!
acceleration! ine search!
stopping condrtions! converge theory!

Solves: LI least squares, sparse classification, matrix
completion, democratic representations, total variation,
semidefinite programs, etc...



FASTA: Fasta Adapt

T hresholc

ing A

ve Shrinkage
oorithm

Paper: A field guide to forward backward splitting with a
FASTA implementation

T Goldstein, C Studer; R Baraniuk

Solves: LI least squares, sparse classification, matrix
completion, democratic representations, total variation,
semidefinite programs, etc...



ADAPTIVE ADMM

minimize H(u) + G(v)
subject to Au+ Bv=5»
[ agrangian
max min H (v) + G(v) + \* (Au + Bv — b)

A U,V

max %}E[H(u) + A Au) + [G(v) + M Bv] — \'b
H™(\) G™(A)



ADAPTIVE ADMM

minimize H(u) + G(v)
subject to Au+ Bv=5»

Lagrangian
max min H (v) + G(v) + \* (Au + Bv — b)

A U,V

dual problem: no constraints

m)%n A ) - B G



ADAPTIVE ADMM

minimize H(u) + G(v)
subject to Au+ Bv=5»
[ agrangian
max min H (v) + G(v) + \* (Au + Bv — b)

A U,V

dual problem: no constraints
m)%n A ) - B G
w w

= B
Z1IAIZ L BNIE
=Y =IBY

optimal stepsize = \/%7



ADAPTIVE ADMM

minimize H(u) + G(v)
subject to Au+ Bv=5»

Lagrangian
max min H (v) + G(v) + \* (Au + Bv — b)

>\ 85519 ( y )
curvatures are ‘‘free

| oiven ADMM rterates
dual problem: no constraints

min H*(ATA) — (A,0) + G*(B"A) , — (A = Ao)” Alur — ug,)
Q 9 5
§||)\|| §H>\H2 5 (Ak — Xo)" B(vr — g, )

| Ak = Aol

optimal stepsize =

3
@



BEFENDENCE ON S TEFSIZE
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PROBLEM SCALING

(b) Quadratic programming
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Problem scale

Zheng Xu, Mario Figueiredo, Tom Goldstein.
“Adaptive ADMM with spectral penalty parameter selection.” 2014



WRAP UP

ADMM

Complex problems : simple sub-steps
oreat for model fitting problems

LIS
Fast AD

Bells and Whistles

buted Variants: transpose reduction

MM for poorly-conditioned problems

Adaptive variants for automation
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