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THE BASICS
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Classical Orthogonal Polynomials

o Let (P,) be a polynomial sequence and u be a functional.
@ Property of orthogonality

(U, PoPp) = d25n.m.
o Distributional equation:
Z(¢u) = Yu, degyp > 1, deggp < 2.
@ Three-term recurrence relation:
xPn(x) = anPpi1(x) + BnPn(x) + vnPnt1(x).

o The weight function d/i(z) — w(z) dz
@.P) = [P du(z), TcC.
r
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@ Continuous classical orthogonal polynomials

o L (B0x)w(x)) = vlx)()
@ A-classical orthogonal polynomials

o V(O(x)()) = lx)o()

o Af(x) = f(x +1) — f(x), VF(x) = F(x) — f(x — 1),
© g-Hahn classical orthogonal polynomials

o Z1q(¢(x)w(x)) = P(x)w(x),

o Dof(x) = 12 =0, 9,£(0) = £(0),

x(g—1)

o x(s)=ag® + c.
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Some families

@ Continuous Classical OP: Jacobi, Hermite, Laguerre and
Bessel.

NIST, 2014

R. S. Costas-Santos : An overview of Classical Orthogonal Polynomials



Some families

@ Continuous Classical OP: Jacobi, Hermite, Laguerre and
Bessel.

o A-Classical OP: Hahn, Racah, Meixner, Krawtchouk, Charlier,
etc.
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Some families

@ Continuous Classical OP: Jacobi, Hermite, Laguerre and
Bessel.

o A-Classical OP: Hahn, Racah, Meixner, Krawtchouk, Charlier,
etc.

o g-Classical OP: Askey Wilson, g-Racah, g-Hahn, Continuous
g-Hahn, Big g-Jacobi, g-Hermite, g-Laguerre,
Al-Salam-Chihara, Stieltjes-Wigert, etc.
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The Favard's theorem

Let (pn)nen, generated by the TTRR

xpn(x) = pnt1(x) + Bapn(X) + YnPn—1(x).

Favard's theorem
If v, # 0 Vn € N then there exists a moments functional
20 : P[x] — C so that

go(Pan) = rn6n,m

with r, a non-vanishing normalization factor.
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Degenerate version of Favard's theorem

If there exists N so that vy = 0, then (p,) is a MOPS with respect
to

(f.8) = %(fe) + Yy A(TN(F)TM(g)).
jed
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THE RELEVANT FAMILIES




The Classical Hypergeometric Orthogonal Polynomials

Racah |

Hahn Al Dual Hahn
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The Classical basic Hypergeometric Orth. Polyn.

THE SCHEME IS TOO BIG TO PUT IT ON HERE,
LET’S GO OUTSIDE TO SEE IT ;)
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SOME RESULTS
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Characterization Theorems. The continuous version

Let (Pp) be an OPS with respect to w. The following statements
are equivalent:

Q P, is classical, i.e. (¢(x)w(x)) = (x)w(x).
@ (P),,)isa OPS.

(8) (P,Sﬁ_)k) is a OPS for any integer k.
@ (First structure relation)

$(X)P(x) = @nPrs1(x) + BaPa(x) +FnPn-1(x).
@ (Second structure relation)
Pa(x) = @nPp1(x) + BaPh(x) + TPy (%)-
@ (Eigenfunctions of SODE)
B(x)P"(x) + (x)P'(x) + AP(x) = 0.
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Characterization Theorem (cont.)

Let (P,) be an OPS with respect to w. The following statements
are equivalent:

Q P, is classical, i.e. (p(x)w(x)) = Y(x)w(x).
@ The Rodrigues Formula for P,

B, d”
w(x) dx"

Pa(x) = (0"(x)w(x)),  Ba#0.

O ¢(x)(PrPn-1)'(x) =
8nP7(x) = (¥(x) = ¢/ (x)) Pa(x) Pa-1(x) + hnP7_1(x)
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Hypergeometric and basic hypergeometric representations

The continuous and discrete COP can be written in terms of

ai, a2, ...,ar . (al)k(ag) (a,)kz_k
fFS( by, b, ..., bs Z) ;(bl)k(bg (bs)x k!

The g-discrete COP can be written in terms of
al, ...,d

“Ps\ by, ..., b

(a)k =a(a+1)---(a+k—-1)

(a; q)k = (1 = a)(l — aq) ce (1 _ aqk—l)

k

ar; q (ar;Q)k ok (;) l4+s—r
) Z(bl q)k - (bs; q)k (( V' ) (@ q)k

k>0
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The Connection Problem

The connection problem is the problem of finding the coefficients
Ck:n in the expansion of P, in terms of another sequence of
polynomials Ry, i.e.

Pa(x) =Y cinRu(x)-
k=0

We are interested into obtaining such coefficients for Classical
orthogonal polynomials in a enough ‘general’ context.
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The example. Big g-Jacobi polynomials

Again let’s go to File 2 :D
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FINALLY....

THANK YOU
FOR YOUR ATTENTION !!




