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Combinatorics

n! = the number of ways to arrange 1, 2, ... n.

n!
kl(n —k)!

number of size k subsets of {1,2,...,n}

row n column £ entry of Pascal’s triangle.




Example: 1 = 4

A\ /4N [4\ [4\ /4

(0)(1)(2) (5) (1)

1 4 6 4 1
counts subsets of {1,2,3,4}

Size 0 1 2 S 4

% 12 123 1234

1
2 13 124
3 134
4 23 234
24
34




Pascal’s Triangle

1

3 1

6 4 1

10 10 5 1
15 20 15 6 1
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Row Sum

1 51010 5 1

1 6 152015 6 1




Combinatorial Identities

ldentity: For n =0, Z (Z) = 2"
k=0
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r =1

2

1 + tan® z = sec”
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sin(2x) = 2sinx cos

cos(3z) = 4 cos® & — cos x
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r =1

Combinatorial Proof:

332 ZIZ’4 L

cosr=1=or+ 77— 5

8!
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COS® T -+ Sin

r =1

Combinatorial Proof:

cosx =1

SINT = X

2

2x+sin €Tr =

Thus, cos

z? ot 3 x°

_|_Z_...)(1_E_|_Z_...)_|_(a;_§_|_a_...

—14+0z+0x2+0x>+02*+---=1.




C082

T -+ sin

Combinatorial Proof:

2 4

L L L

2

r =1

cosx =1 |

20 41 6!

7

SINT = X

x
ST
2

€T —

3!

T -+ sin

4 512‘2 5134

Thus, cos”

X

X

3 5

X

_|___...)(1___|___...)_|_(3;___|___...

4] 2 4]

3!

5!

—14+0z+0x2+0x>+02*+---=1.

Why"?




cos? - sin® r =

z? 2zt 3 x° 3 x°

+Z_...)(1_54_1_...)_|_(3;___|___...)(Q;___|___...)

has constant term 1
has no odd terms

How about the even terms?

1
2

Coefficient of =~ :
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cos? + sin® r =

z? 2 2t 3 x° 3 x°

+Z_.”)(1_5—'_1_.“)+($__+__”.)(Qj__+__”.

: 1 1 1 1 1
Coefficient of z* = | |




cos? + sin® r =

z? 2zt

+Z_...)(1_§_|_Z_...

1
. 4

Coeflicient of & = Gy = 7351+ 551 ~ 31 40

" Al 4! 4! 4! 4!

Lol T 13l T o 3 o4

1) () + G- () ().




2 2

COS“ x + sin“ x =

z? 2 2t 3 x° 3 x°

%_-ZT __...)(1._.Ei__F.ZT __...) 4_(a;__.__ + — __...)(Q;__.__ + — __...)

Coefficient of 2°
1 1 1 1 1

6! 214! 4121 6! 5!




cos? + sin® r =

z? 2zt

+Z_...)(1_§_|_Z_...

Coefficient of 2°
1 1 1 1

ole! 2141 4121 6!0!

115! 3131 5l

10)- () ()~ () + () - 6)+ ()

1
=~ [1-6+15-20+15-6+1] =0




cos? + sin® r =

z? 2zt

+Z_...)(1_§_|_Z_...

Coefficient of 2°
1 1 1 1

ole! 2141 4121 6!0!

115! 3131 5l

10)- () ()~ () + () - 6)+ ()

1
=~ [1-6+15-20+15-6+1] =0




What is the coefficient of "%

When n=0, coefficient is 1.

When n is odd, coefficient is O.
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What is the coefficient of "%

When n > 0 is even, coefficient is

S 16) -6 -G+ () ()

-CFE S (e

| k=0

Goal: Prove for all even n > 0,

(o)

k=0

(And it's even true for odd n too!)
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Binomial Theorem: Y 1o (1)2* = (1 + )"

(1-1)"

O?’L
0




Identity: For n > O,
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“~ [n
Identity: For n > O, Z (k) (—1)"‘ — 0.

k=0










Identity: For n > O, Z (Z) (—1)"“’ — 0.

k=0

(o)~ (1)~ (5) -

() _

(00~ ()-6)- ()

Prove: For the set {1,2,...,n} where n > 0,

4

L of subsets of even size =;

L

L of subsets of odd size




Identity: For n > O, Z (Z) (—1)"'

k=0

Example: n=4

Even subsets Odd subsets
2,
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Even subsets f Odd subsets
%
12
13
14
23
24
34

Toggle the number 1.
fFIX)=Xa1




In general, every subset X of {1,2,...,n}

holds hands with a subset of opposite parity.

X — X D1

The number of even subsets of {1,2,...,n}
= the number of odd subsets of {1,2,...,n}
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The function f(X)=X @ 1is a

sign-reversing involution

Involution: f(f(x)) =z for all x.

Here, f(f(X))=(X&1)p1=X.

Sign reversing:
X and f(X) have opposite sign in the sum.

Here, | X| and | X & 1| have opposite parity.




Alternating sums arise in combinatorial problems
when using the Principle of Inclusion-Exclusion.

But we will use a different method.
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How about the partial sum?

For 0 <m <mn, >, ()(=1)F= 777

Example:n=4m=2

DRORCREES

> (1) counts

subsets of {1,2,...,n} with at most m elements.

Note: The positive sum has NO CLOSED FORM.




For 0 <m<mn, > ,()(=1)F= 777

Example:n=4, m=2

Even subsets Odd subsets
2,

12
13
14
23
24
34




For 0 <m <mn, >, ()(=1)F= 777

Example:n =4, m =2

Even subsets Odd subsets
% 1
12 2
13 3
14 4
23
24
34




For 0 <m <mn, >, ()(=1)F= 777

Example:n =4, m =2

Even subsets Odd subsets
% G 1
12 G 2
13 G 3
14 4
23
Unmatched 24
34

f(X)=Xa1
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Jennifer Quinn prefers to call it hand-holding.
The sum counts the unattached.




Doron Zeilberger calls this a killing involution.
The sum counts the survivors.

Jennifer Quinn prefers to call it hand-holding.
The sum counts the unattached.

Compromise: We adopt a peaceful interpretation
with a violent acronym.
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D.l.E.

Description.

Describe a set of objects that is being counted
when we ignore the sign term.

Involution.

Find an involution between positive objects and
negative objects.

Exception.
Describe the exceptions, where the involution is
undefined. Count these exceptions, and note
their sign.
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n=1

2
3
4
5
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What do Fibonacci numbers count?

Q: How many ways to tile a 7 x n board
with squares []J and dominoes [ ?

n=1 [] 1 way
n=2 [T] [ ] 2 ways

n=3 IO EO I3 3 ways

D ED T sy

n=5 LI LTI T T TIT T T T T T I ]
N I | I | I I 8 ways

A: The n-th Fibonacci number!
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Alternating sum of Fibonacci numbers

—ht+fe—fstla—fit+Je— L fa

—14+2—-34+5—-8+13—---% 1,
-1 1 -2 3 -5 8




Alternating sum of Fibonacci numbers

—h+fo—fst+fa—Js+ J6—

--::fn

—14+2—-34+5—-8+13—---% 1,

-1 1 -2 3 -5 8

—hth—fstfa—fs+Je— -

= (1), .



Description. Y _,_, fx counts
All tilings with (positive) length at most n.

Hence, > ), fu(—1)" is the number of

even length tilings minus the odd length tilings
(up to length n).
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Involution. What is the second easiest way to
change the parity of the length of a tiling?

2 3 4 5
Add a square?




Description. > _,_; fx counts
All tilings with (positive) length at most n.

Involution. What is the second easiest way to
change the parity of the length of a tiling?




Description. > _,_; fx counts
All tilings with (positive) length at most n.

Involution. What is the second easiest way to
change the parity of the length of a tiling?
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All tilings with (positive) length at most n.

Involution. Toggle the last tile. f(X) = X*

Exception. Involution is undefined when
X has length n and ends with a square.

(since f(X) would have length n+1 -- too big)
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Involution. Toggle the last tile. f(X) = X*

Exception. Involution is undefined when
X has length n and ends with a square.
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All tilings with (positive) length at most n.

Involution. Toggle the last tile. f(X) = X*

Exception. Involution is undefined when
X has length n and ends with a square.

fn—1 exceptions!

1 2 3 . . . n-1 n

Slgn Of exceptionS? (— 1)”’ (since all exceptions have length n)
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3

>:1+4+3:8:ﬁ
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NE
2>+<3> —14+5+6+1=13= f
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ldentity: For all n > 0,

() () () (7

More compacitly,

Z(n;k) .

k>0

) 1S nonzero when £ <n — k
(when k£ < n/2)
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: — kK
ldentity: For alln >0, (n " > = Jn.

k>0

Combinatorial Proof:

Q: How many tilings of length n?

Answer 1: 1,

Answer 2. What does k represent?

The number of dominoes!
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A tiling of length n with exactly k has
n - 2K squares

Total: n - k tiles.
Can choose k of the tiles to be dominoes in

(n;k) ways. @
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k>0

Answer 2: Consider the number of dominoes.

A tiling of length n with exactly k has
n - 2K squares

Total: n - k tiles.
Example: n =6, k=2 dominoes

1 2 3 4 5 6

Here, we have chosen dominoes to be tiles 3 and 4.

]

t of length 6 tilings with 2 dominoes is (;l)
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Pascal's Triangle: Alternate Diagonal Sums

1

3 -1

6 4 1

10 -10 & -1

15 -20 15 -6 1

21 -35 35 -21 7 -1
28 -56 70 -56 28 -8 1

1
1
0

1
1
1
1
1
1
1
1
1

0
1
1
0

Pattern: 1,1,0,-1,-1,0, 1,1,0,-1,-1,0, ...
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ldentity: For n > 0,
oI 1 if n=0or1 (mod
Z( 1. )(_1)k— 0 if n=2or5 (mod

k>0

—1 if n=3 or 4 (mod

Description.
n—k .
Z ( 1 ) counts tilings of length n

k>0

(with any number of dominoes)

Goal. There are almost as many length n tilings with
an even number of dominoes as tilings with an odd
number of dominoes.
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k>0

Description. Tilings of length n.
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n=0or1 (mod

n=2orb (mod
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ldentity: For n > 0,

1 1t
n — k
Z( I )(_1)k— 0 if

—1 if n=3 or 4 (mod

k>0

Description. Tilings of length n.

Involution. Toggle the last tile?

n=0or1 (mod

n=2orb (mod

Nope. That changes the length.




ldentity: For n > 0,
oI 1 if n=0or1 (mod
Z( 1. )(_1)k— 0 if n=2or5 (mod

k>0

—1 if n=3 or 4 (mod

Description. Tilings of length n.

Involution. Toggle the last tile?

Nope. That changes the length.

We must change the parity of the number of
dominoes without changing the length of the tiling.
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then replace the domino with 2 squares (and vice versa)




Description. Tilings of length n.

Involution. If the tiling starts with a domino

then replace the domino with 2 squares (and vice versa)

Example:




Description. Tilings of length n.
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Description. Tilings of length n.

Involution. If the tiling starts with a domino

then replace the domino with 2 squares (and vice versa)

Example:

Convenient notation:




Description. Tilings of length n.

Involution. If the tiling starts with a domino

then replace the domino with 2 squares (and vice versa)

Example:

Convenient notation: dY «— ssY
The number of dominoes changes by + 1.




Description. Tilings of length n.

Involution. dY «—— ssY

But what if X begins square-domino, say X = sdY?

Then ignore the sd, and try to toggle what comes
next.
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Description. Tilings of length n.

Involution. dY «—— ssY

But what if X begins square-domino, say X = sdY"?

Then ignore the sd, and try to toggle what comes
next.

sddY +—— sdssY
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Involution.  (sd)?dY «— (sd)’ssY




What about ...

M

Involution.  (sd)?dY «— (sd)’ssY

Length is unchanged.
Number of dominoes changes by + 1.




1 if n=0or1 (mod 6)

0 if n=2or5 (mod 6)
—1 if n=3or 4 (mod 6)
Description. Tilings of length n.
Involution.  (sd)?dY «— (sd)’ssY

Exception.
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Description. Tilings of length n.
Involution.  (sd)?dY «— (sd)’ssY

Exception. Every n has at most one exception.
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0 if n=2o0r5 (mod 6)
—1 if n=3or 4 (mod 6)
Description. Tilings of length n.
Involution.  (sd)?dY «— (sd)’ssY

Exception. Every n has at most one exception.

X =(sd) O n=3

X = (sa)’s I = 35 + 1
Thus, if n=3j+2, (n=2o0r 5 (mod 6))
then there are no exceptions.
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If n = 6j or 6j+1, then there is one exception
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0 if

n=0or1 (mod

n=2orH (mod

—1 if n=3or 4 (mod 6)
Description. Tilings of length n.

Involution.  (sd)?dY <

> (sd)?ssY

Exception. Every n has at most one exception.

X =(sd) O n=3

X = (sd) s [T = 37 +

If n = 6j or 6j+1, then there is one exception
X = (sd)? or X = (sd)*s




1 if n=0or1 (mod

0 if n=2orb5 (mod
—1 if n=3or 4 (mod 6)
Description. Tilings of length n.
Involution.  (sd)?dY «— (sd)’ssY

Exception. Every n has at most one exception.

X =(sd) O n=3

X = (sd) s [T = 37 +

If n = 6j or 6j+1, then there is one exception
X = (sd)¥ or X = (sd)¥s (counted positively)
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If n = 6j+3 or 6j+4, then there is one exception




1 1f

0 if

n=0or1l (mod6) ¢

n=2orb5 (mod 6) ¢

—1 if n=3or 4 (mod 6)
Description. Tilings of length n.

Involution.  (sd)?dY <

> (sd)?ssY

Exception. Every n has at most one exception.

X =(sd) O n=3

X = (sd) s [T = 37 +

If n = 6j+3 or 6j+4, then there is one exception
X = (sd)?*! or X = (sd)* s
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0 if n=2orb5 (mod 6) ¢
—1 if n=3or 4 (mod 6)
Description. Tilings of length n.
Involution.  (sd)?dY «— (sd)’ssY

Exception. Every n has at most one exception.

X =(sd) O n=3

X = (sd) s [T = 37 +

If n = 6j+3 or 6j+4, then there is one exception
X = (sd)?*! or X = (sd)**'s (counted negatively)
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6
0 if n=2o0r5 (mod 6)
—1 if n=3or 4 (mod 6)
Description. Tilings of length n.

Involution.  (sd)?dY «— (sd)’ssY

Exception. Every n has at most one exception.

X =(sd) O n=3

X = (sd) s [T = 37 +

If n = 6j+3 or 6j+4, then there is one exception
X = (sd)?*! or X = (sd)**'s (counted negatively)




1 if n=0or1 (mod 6

)
0 if n=2or5 (mod 6)
—1 if n=3or 4 (mod 6)
Description. Tilings of length n. O
Involution.  (sd)’dY «— (sd)’ssY

Exception. Every n has at most one exception.

X =(sd) O n=3

~ (s [T = % + !

= 6j+3 or 6)+4, then there is one exception
= (sd)¥ ! or X = (sd)**'s (counted negatively)
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Related identities

n — k

. )2“2k(—1)k =n+1.

) Sn—Qk(_l)k _ f2n—|—1°

(” ; k) gk — A
k>0

where Ag =1, A; = s, and for n > 2,
An — SAn_l -+ dAn_Q.




can D.|.E.!

Any combinatorial problem that can be solved
by the principle of inclusion-exclusion can also
be solved by D.I.E.




Derangements

For n > 1,

D,, = number of derangements of {1,2,...,n}
is the number of ways to arrange
1,2,...,n so that no number is In Its
natural position.

214 3 Is aderangement.

But4 1 3 2 is not a derangement.

3 Is a fixed point.




Derangements

n=1 n=2 n=3 n=4




Derangements

n=1 n=2 n=3 n=4
2143

2341
2413
3142
3412
3421
4123
4312
4321

D1:0 D2:1 D3:2D4:9




n

V
dentity: Forn>1, D, =Y Z;( 1)k
k=0

n=4:

4141 41 41 4]
2 3

o 1 |
24 — 244+ 12 — 4+ 1

9
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digits from {1.2.....9} where all digits are different.
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ldentity: Forn>1, D, = Z
k=0
Description. What does n!/k! count?

N=9 k=06

n!

(=17

9!
o 9 x 8 x 7 counts 3-digit numbers using
digits from {1,2,...,9} where all digits are different.

n!

k!
letters from {1,2,..., n}.

counts words of length n — k£ using different

"o & counts words of any length using

different elements from {1,2,...,n}.
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Goal.
Try to pair up words whose lengths have opposite parity.




. nl

dentity:  Forn>1, D, =) (1)
k=0

Description. Words using different letters from {1,...,n}.

Goal.
Try to pair up words whose lengths have opposite parity.

Involution (Rule 1). Given a word X,
Toggle the number 1, if possible.




ldentity: Forn>1, D, = Z
k=0
Description. Words using different letters from {1,...,n}.

Goal.
Try to pair up words whose lengths have opposite parity.

Involution (Rule 1). Given a word X,
Toggle the number 1, if possible.

.e.,(iIf 1is missing from X, then insert 1 in front.
if 1 is first letter of X, then remove it from X.

n!

(=1
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ldentity: Forn>1, D, = Z
k=0

n!

(=1

Description. Words using different letters from {1,...,n}.

Goal.
Try to pair up words whose lengths have opposite parity.

Involution (Rule 1). Given a word X,
Toggle the number 1, if possible.

.e.,(iIf 1is missing from X, then insert 1 in front.
if 1 is first letter of X, then remove it from X.

Example 2358 12358
492 1492
%) 1

23456789 123456789

<
<
<
<
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k=0
Description. Words using different letters from {1,...,n}.

What if Rule 1 doesn’t apply? Say X = 31459. Then try...

Involution (Rule 2).Toggle the number 2, if
possible. That is,

n!

(=1
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Description. Words using different letters from {1,...,n}.

What if Rule 1 doesn’t apply? Say X = 31459. Then try...

Involution (Rule 2).Toggle the number 2, if
possible. That is,

n!

(=1

'if 2 is missing from X, then insert 2 in position 2.
_ If 2is in X in position 2, then remove it from X.,
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ldentity: Forn>1, D, = Z
k=0
Description. Words using different letters from {1,...,n}.

What if Rule 1 doesn’t apply? Say X = 31459. Then try...

Involution (Rule 2).Toggle the number 2, if
possible. That is,

n!

(=1

'if 2 is missing from X, then insert 2 in position 2.
_ If 2is in X in position 2, then remove it from X.,

31459 < > 321459
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ldentity: Forn>1, D, = Z
k=0
Description. Words using different letters from {1,...,n}.

What if Rule 1 doesn’t apply? Say X = 31459. Then try...

Involution (Rule 2).Toggle the number 2, if
possible. That is,

n!

(=1

'if 2 is missing from X, then insert 2 in position 2.
_ If 2isin X in position 2, then remove it from X.

31459 < > 321459

Note: By inserting or removing 2 in 2nd position,
1 cannot suddenly become a fixed point of X.
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Description. Words using different letters from {1,...,n}.

Involution (general). Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X. That is,

" if m is missing from X, then insert m in position r)nJ
_ It misin X In position m, then remove it from
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Description. Words using different letters from {1,...,n}.

Involution (general). Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X. That is,

if m is missing from X, then insert m in position j
_Ifmisin X In position m, then remove it from

n!

(=1

-

Note: This rule will not change the numbers In
positions 1, 2, ..., m-1. Thus, it's an involution.
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Involution (general). Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X. That is,

if m is missing from X, then insert m in position j
_Ifmisin X In position m, then remove it from

n!

(=1
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Note: This rule will not change the numbers In
positions 1, 2, ..., m-1. Thus, it's an involution.

Suppose X = 3145926
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k=0
Description. Words using different letters from {1,...,n}.

Involution (general). Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X. That is,

if m is missing from X, then insert m in position j
_Ifmisin X In position m, then remove it from

n!

(=1

-

Note: This rule will not change the numbers In
positions 1, 2, ..., m-1. Thus, it's an involution.

Suppose X = 3145926 m=7
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k=0

n!

(=1

Description. Words using different letters from {1,...,n}.

Involution (general). Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X. That is,

if m is missing from X, then insert m in position j
_Ifmisin X In position m, then remove it from

-

Note: This rule will not change the numbers In
positions 1, 2, ..., m-1. Thus, it's an involution.

Suppose X = 3145926 m=7

3145926 <« > 321459276
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Exception. When does m fail to exist?




ldentity: Forn>1, D, = Z
k=0
Description. Words using different letters from {1,...,n}.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

n!

(=1

Exception. When does m fail to exist?

When X contains all numbers from {1,2,...,n}
and X contains no fixed points.




ldentity: Forn>1, D, = Z
k=0
Description. Words using different letters from {1,...,n}.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

n!

(=1

Exception. When does m fall to exist?

When X contains all numbers from {1,2,...,n}
and X contains no fixed points.

The derangements of {1,2,...,n}!
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Description. Words using different letters from {1,...,n}.
Note: nl/k! counts words of length n - k.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.
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Description. Words using different letters from {1,...,n}.
Note: nl/k! counts words of length n - k.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

Exception. X is a derangement of {1,2,...,n}.
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k=0

Description. Words using different letters from {1,...,n}.
Note: nl/k! counts words of length n - k.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

Exception. X is a derangement of {1,2,...,n}.

How many exceptions?




mn

|
dentity: Forn>1, D, =Y Z;( 1)k
k=0

Description. Words using different letters from {1,...,n}.
Note: nl/k! counts words of length n - k.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

Exception. X is a derangement of {1,2,...,n}.

How many exceptions? D,
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Description. Words using different letters from {1,...,n}.
Note: nl/k! counts words of length n - k.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

Exception. X is a derangement of {1,2,...,n}.
How many exceptions? D,

Sign of exceptions?
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ldentity: Forn>1, D, = Z

n!

k
(1)
k=0

Description. Words using different letters from {1,...,n}.
Note: nl/k! counts words of length n - k.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

Exception. X is a derangement of {1,2,...,n}.
How many exceptions? D,

Sign of exceptions?

Each derangement has length n, so k = 0.
Thus, all derangements are counted positively.
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ldentity: Forn>1, D, = Z

n!

k
(1)
k=0

Description. Words using different letters from {1,...,n}.
Note: nl/k! counts words of length n - k.

Involution (general).Toggle the number m,
where m is the smallest number that is either
missing from X or a fixed point of X.

Exception. X is a derangement of {1,2,...,n}.
How many exceptions? D,

Sign of exceptions?

Each derangement has length n, so k = 0.
Thus, all derangements are counted positively.

©




Back to Trigonometry:
Up-Down permutations

The permutation
2718394065

iIs an example of an up-down (or zig-zag) permutation
since the numbers alternatiely go up then down.

A1 < Q9 > A3 < g > a5 < Qg > * -

Let U, be the number of up-down permutations of
length n.




132 231

1324 1423 2314 2413 3412

13254 14253 14352 15243

15342 23154 24153 24351

25143 25341 34152 34251

35142 35241 45132 45231 Us = 16

Also, Us =061, U7=272, ...




No exact formula for Un, but it has recurrence

T
W1 = Y ( k) UnUn—

k>0

and asymptotic formula
. 212

7-‘-n—|—1

and exponential generating function
U(x)
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X X X
WX%+%§+mZ+%5+~»:1

Constant term = Ug = 1.
All odd terms have coefficient of zero.
Show: For even n > 0,




72 o 76
) =1

X%+%—+mj+%@

Constant term = Ug = 1.

All odd terms have coefficient of zero.

Show: For even n > 0, Z( ) nok(—1)F = 0.
k>0




ldentity: For even n > 0, D (;{) Un—2r(—1)" = 0.

k>0

This has a beautiful D.l.E. proof, due to Ira Gessel.
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The Chebyshev Polynomials
T()($) — ] T1($) —

and for n > 2,

T,(x) =2xT,_1(x) — Th_o(x).

Ty(x) = 8z* — 8x* + 1
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cos(30) = 4cos® 6 — 3cos Ts(x) = 42° — 3z

cos(46) = 8cos* § — 8cos” @ +1 Ty(x) = 8z* — 8z + 1




cos(nf) = T,,(cos )

cos(160) = cos 6 Ti(x) =2
cos(20) = 2cos* 6 — 1
cos(30) = 4cos® 6 — 3cos Ts(x) = 42° — 3z

cos(46) = 8cos* § — 8cos” @ +1 Ty(x) = 8z* — 8z + 1




What do Chebyshev Polynomials Count?
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n=1

2
3
4
5
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Q: How many ways to tile a 7 x n board
with squares []J and dominoes [ ?

1 way

2 ways

3 ways

5 ways
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Q: How many ways to tile a 7 x n board
with squares []J and dominoes [ ?

n=1 [] 1 way
n=2 [1] [ ] 2 ways

n=3 IO EO I3 3 ways
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What do  Fibonacci Numbers Count?

Q: How many ways to tile a 7 x n board
with squares []J and dominoes [ ?

n=1 [ 1 way
n=2 [T] [ ] 2 ways

n=3 IO EO I3 3 ways

D ED T sy

n=5 LTI T T TIC T T T T T JE T ]
N I | N | I I 8 ways

A: The n-th Fibonacci number!




(X) =X, Tn(X)=2X Tn-1(X) -1 Tn-2(X).




What does Tx(x) count?
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What does Tx(x) count?

To(x) =1, Ti(X)=Xx, Tn(X)=2x Tnha(X) -1 Tnh2(X).
Answer: Weighted Tilings

1 2 3 4 . . . n




What does Tx(x) count?

To(x) =1, Ti(X)=Xx, Tn(X)=2x Tnha(X) -1 Tnh2(X).
Answer: Weighted Tilings

[o[a[a]a]a]ale
1 2 3 4 . . . n

A square on cell 1 has weight x.

All other squares have weight 2x.

All dominoes have weight -1.

The weight of a tiling is the product of the
weights of its tiles.
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So T}, (cos @) counts weighted tilings of

2 cos 0|2 cos 0|2 cos b
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Introduce two colors of squares:

0

Light squares have weight e’
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1 3
Introduce two colors of squares:

Light squares have weight ew 67;9

Dark squares have weight e~ .

Exception: A square on cell 1 has weight % or
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1 3
Introduce two colors of squares:

Light squares have weight ew 67;0

Dark squares have weight e~ .




T, (cos6) counts weighted tilings of

1 2 3
Introduce two colors of squares:

Light squares have weight 6i9 67;9

Dark squares have weight e~ .

Dominoes have weight -1 1
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has weight
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Another example:
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Another example:
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has weight

2

Tn (COS 6’) is the sum of the weights of all colored tilings.




Another example:

6@'6’ : : : :
63759

has weight

2

Tn (COS 6’) is the sum of the weights of all colored tilings.

We now show that this sum I1s almost zero!
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has weight
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Definition: A tiling is impure if it contains a domino
or if it contains two adjacent squares of opposite
color.
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Definition: A tiling is impure if it contains a domino
or if it contains two adjacent squares of opposite
color.

Thus a tiling has an impurity if it contains
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Our Proof Strategy

T, (cos @) counts all colored tilings of length n.

We show that all the impure tilings sum to zero.

2 Cases:
The tiling does not start with an impurity.

The tiling does start with an impurity.

Thus T, (cos®) counts all the pure tilings.
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If the tiling does not start with an impurity

ot : : | . :

T

first impurity has weight

Find a mate of opposite weight!
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If the tiling does not start with an impurity
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has weight

Their weights sum to zero!
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If the tiling starts with an impurity

eiH | . : :
BEEE

Find a trio that sums to zero!
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If the tiling starts with an impurity
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first |mpur|ty has weight 67’9/2

U KN

first impurity

SRR EEE B




If the tiling starts with an impurity

H & SRR R

first Impurlty multiply to 1/2 has Welght €Z9/2

T KN

first impurity multiply to 1/2

SNE EEE B




If the tiling starts with an impurity

H & SRR R

first Impurlty multiply to 1/2 has Welght 629/2

U KN

first mfﬁy\ multiply to 1/2 has weight 67’9/2

e




If the tiling starts with an impurity

H & SRR R

first Impurlty multiply to 1/2 has Welght 629/2

U KN

first mfﬁy\ multiply to 1/2 has weight 67’9/2

§ Heom =




If the tiling starts with an impurity

H & SRR R

first Impurlty multiply to 1/2 has Welght 629/2

U KN

first mfﬁy\ multiply to 1/2 has weight 67’9/2

§ Hom

has weight —e™




If the tiling starts with an impurity

H & SRR R

first Impurlty multiply to 1/2 has Welght 629/2

U KN

first mfﬁy\ multiply to 1/2 has weight 67’9/2

§ Hom

has weight —e™

Their weights sum to zero!



sSummary

e Every impure tiling belongs to exactly one
pair or trio that sums to zero.

® Thus T, (cos0) is the sum of the weights of

all the pure tilings.
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