Comparison of Exchange Energy Formulations for 3D Numerical Micromagnetics

Michael J. Donahue Donald G. Porter

NIST, Gaithersburg, Maryland, USA

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.1/68

Outline

• Background • μMAG • Exchange energy • Numerical integration • Integrand representation • Boundary conditions

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.2/68

Micromagnetics

The study, modeling and simulation of magnetic materials and their behavior at the nanometer scale.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.3/68

Brown’s equations

Energies:

E_{exchange} = ∫ V A M^2_s ( |∇M_x|^2 + |∇M_y|^2 + |∇M_z|^2 ) d^3r

E_{anisotropy} = ∫ V K_1 M^2_s

(M · u)^2 d^3r

E_{demag} = μ_0 8π ∫ V M(r) · [∫ V ∇ · M(r^′) r − r^′ |r − r^′|^3 d^3r^′ − ∫ S n̂ · M(r^′) r − r^′ |r − r^′|^3 d^2r^′ ] d^3r

E_{Zeeman} = −μ_0 ∫ V M · H_{ext} d^3r

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.4/68

Constraints

M is smooth and ‖M‖ = M_s or equivalently ‖m‖ = M/M_s = 1.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.5/68

Why computational micromagnetics?

• Disk Drives • Sensors

• Nonvolatile Memory • Spintronics

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.6/68

Magnetic disk storage

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.7/68

Magnetic disk storage

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.8/68

Quasi-static micromagnetics

a b c

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.9/68

Magnetization dynamics

Landau-Lifshitz-Gilbert: dM dt = −ω 1 + α^2

M × H_{eff} − α ω (1 + α^2)M_s

M × (M × H_{eff} )

where

H_{eff} = − 1 μ_0 ∂E ∂M ω = gyromagnetic ratio

α = damping coefficient

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.10/68

Magnetization dynamics

Time 0 ps

100 ps

150 ps

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.11/68

Magnetization dynamics

Time 350 ps

450 ps

750 ps

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.12/68

Variational derivatives

Let (support ΔM) ⊂ B(x_k, ϵ).

Then δE δM | | | x_k

= lim

E(M + ΔM) − E(M) ‖ΔM‖_1 as ϵ → 0, ‖ΔM‖_∞ → 0.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.13/68

Variational derivatives

In particular, if

M(x) = ∑ M_iϕ_i(x),

then δE δM | | | x_k ≈ ∂E ∂M_k · 1 ‖ϕ_k‖_1

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.14/68

Center for Theoretical and Computational Materials Science

http://www.ctcms.nist.gov/

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.15/68

Standard problems

Check computed outputs against contributed solutions: • Verify algorithms • Compare methods • Optimize parameters

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.16/68

Standard problems

Example #4, Switching dynamics:

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.17/68

μMAG standard problem #1

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.18/68

μMAG standard problem #1

Long Axis Hysteresis Loops

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.19/68

Public code

• Graphical User Interface • Windows and Unix • 150 page user’s manual

• Binaries and source code • Tcl/Tk and C++ based modular architecture • 1000+ downloads in 2002

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.20/68

Public code

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.21/68

OOMMF eXtensible Solver

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.22/68

Brown’s equations

Energies:

E_{exchange} = ∫ V A M^2_s ( |∇M_x|^2 + |∇M_y|^2 + |∇M_z|^2 ) d^3r

E_{anisotropy} = ∫ V K_1 M^2_s

(M · u)^2 d^3r

E_{demag} = μ_0 8π ∫ V M(r) · [∫ V ∇ · M(r^′) r − r^′ |r − r^′|^3 d^3r^′ − ∫ S n̂ · M(r^′) r − r^′ |r − r^′|^3 d^2r^′ ] d^3r

E_{Zeeman} = −μ_0 ∫ V M · H_{ext} d^3r

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.23/68

Discrete approximation

E_{exchange} = ∫ V A ( |∇m_x|^2 + |∇m_y|^2 + |∇m_z|^2 ) d^3r

= Φ^{[m(x}1^{), m(x}2^{), . . . , m(x}n^{)] + O(hk)}

where

h is step size k is approximation order

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.24/68

Discrete approximation

E_{exchange} = ∫ V A ( |∇m_x|^2 + |∇m_y|^2 + |∇m_z|^2 ) d^3r

• Numerical integration • Integrand representation • Boundary conditions

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.25/68

Numerical integration

∫_b a f ≈ h ∑ c_kf_k

Closed intervals, x_k = a + kh,

O(h^2) error: (c_k) =

[_1 2 1 1 . . . 1^1_2 ] O(h^4) error: (c_k) =^1_3 [1 4 2 4 . . . 2 4 1] O(h^4) error: (c_k) =

[_3 8 7 6 23 24 1 1 . . . 1^{23}_{24}^7_6^3_8 ]

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.26/68

Numerical integration

∫_b a f ≈ h ∑ c_kf_k

Open intervals, x_k = a + kh + h/2,

O(h^2) error: (c_k) = [1 1 1 . . . 1] O(h^4) error: (c_k) =

[_{13} 12 7 8 25 24 1 1 . . . 1^{25}_{24}^7_8^{13}_{12} ]

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.27/68

Integrand representation

E_{exchange} = A

∫ ∫ ∫ |∇m_x|^2 + |∇m_y|^2 + |∇m_z|^2 dV

= −A

∫ ∫ ∫ m · ∇^2m dV + A ∫ ∫ (m_x∇m_x + m_y∇m_y + m_z∇m_z) · n̂ dS.

The norm constraint, ‖m‖ = 1, implies

m_x∇m_x + m_y∇m_y + m_z∇m_z = 0.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.28/68

Discretized energy

E_{exchange} = −A

∫ ∫ ∫ m·∇^2m d^3r

= −A

∫ ∫ ∫ m· ∂^2m ∂x^2

+ m·

∂^2m ∂y^2

+ m·

∂^2m ∂z^2 d^3r

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.29/68

Discretized energy

∫ ∫ ∫ m· ∂^2m ∂x^2 d^3r ≈ ∑ k c^z_k ∑ j c^y_j ∑ i c^x_i m_{ijk} · ( ∑ i^′

D_{ii}′ m_i′_{jk} )

= c^z_k c^y_j m^ν_{ijk} c^x_i D_{ii}′ m^ν_i′_{jk} (summation convention)

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.30/68

3-pt stencil

∂^2f(x) ∂x^2 = 1 h^2

[f(x − h) − 2f(x) + f(x + h)] + O(h^2)

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.31/68

3-pt stencil

“6-neighbor exchange”

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.32/68

5-pt stencil

∂^2f(x) ∂x^2 = 1 12h^2

[−f(x − 2h) + 16f(x − h) − 30f(x)

+ 16f(x + h) − f(x + 2h)] + O(h^4)

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.33/68

5-pt stencil

“12-neighbor exchange”

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.34/68

Trilinear interpolation

“26-neighbor exchange”

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.35/68

Trilinear interpolation

Given m_{000}, m_{100}, . . . , solve for m(x) = a_0 + a_{100}x + a_{010}y + a_{001}z +a_{110}xy + a_{101}xz + a_{011}yz + a_{111}xyz.

Then use E_{exchange} = ∫ V A ( |∇m_x|^2 + |∇m_y|^2 + |∇m_z|^2 ) d^3r

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.36/68

Analytic 1D domain wall

Relative energy error vs. discretization cell size

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.37/68

Exchange lengths

Magnetostatic-exchange length = √ 2A μ_0M^2_s

Magnetocrystalline-exchange length = √ A |K|

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.38/68

Iterative convergence

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.39/68

Vortex mobility

(Compare to Donahue & McMichael, Physica B, 233, 272 (1997).)

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.40/68

Magnetization spiral

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.41/68

Discretized energy

∫ ∫ ∫ m· ∂^2m ∂x^2 d^3r ≈ ∑ k c^z_k ∑ j c^y_j ∑ i c^x_i m_{ijk} · ( ∑ i^′

D_{ii}′ m_i′_{jk} )

= c^z_k c^y_j m^ν_{ijk} c^x_i D_{ii}′ m^ν_i′_{jk} (summation convention)

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.42/68

Boundary?

1 12h^2 ×

? ? ? −30 16 −1

16 −30 16 −1 −1 16 −30 16 −1 −1 16 −30 16 −1 ...

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.43/68

Variational calculus Let E[m] =

∫_b a f(x, m, m^′) dx Then

E[m + h] − E[m] =

∫_b a ( f_m − d dx f_m′ ) h dx +h(b)f_m′ (b, m(b), m^′(b)) − h(a)f_m′ (a, m(a), m^′(a)) +O ( h^2 + h^{′ 2} ) .

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.44/68

Euler-Lagrange eqn

If m is extremal, then f_m − d dx f_m′ = 0 (Euler-Lagrange)

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.45/68

Boundary conditions

Since

h(a)f_m′ (a, m(a), m^′(a)) = 0, if m(a) is free, then f_m′ (a, m(a), m^′(a)) = 0. But f(x, m, m^′) = Am^{′ 2} + g(x, m) and f_m′ = 2Am^′ ⇒ m^′(a) = 0.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.46/68

12-ngbr exchange

Assume ∂m/∂n̂ = 0:

1 12h^2 ×

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −1 16 −30 16 −1 −1 16 −30 16 −1 ... ⇒ Not positive semi-definite!

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.47/68

12-ngbr exchange

Recall

E_{exchange} = A

∫ ∫ ∫ |∇m_x|^2 + |∇m_y|^2 + |∇m_z|^2 dV

= −A

∫ ∫ ∫ m · ∇^2m dV + A ∫ ∫ (m_x∇m_x + m_y∇m_y + m_z∇m_z) · n̂ dS.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.48/68

12-ngbr exchange

Include^∂_{∂x} at boundary:

1 12h^2 ×

⋆ ⋆ ⋆ ⋆ ∗ ∗ ∗ ∗ −1 16 −30 16 −1 −1 16 −30 16 −1 ... Positive semi-definite, but slow convergence

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.49/68

12-ngbr exchange

Add in more^∂_{∂x} at boundary:

1 12h^2 ×

⋄ ⋄ ⋄ ∗ ∗ ∗ ∗ −1 16 −30 16 −1 −1 16 −30 16 −1 ...

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.50/68

12-ngbr exchange

Clean up:

• Include c^x_i terms • Symmetrize

E = m^T Dm = m^T ( D + D^T 2 ) m

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.51/68

12-ngbr exchange

Assuming ∂m/∂n̂ = 0:

∂^2 ∂x^2 = 1 12h^2

−16.2 17.6 −1.4 17.6 −32.1 15.4 −1.0 −1.4 15.4 −29.4 16.3 −1 −1.0 16.3 −30.4 16 −1 −1 16 −30 16 −1 ... +O(h^4).

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.52/68

12-ngbr exchange

Eigenvalues ⊂ [0, 5^1_3 ) ⇒ Good convergence!

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.53/68

12-ngbr exchange

No boundary assumptions:

∂^2 ∂x^2 = 1 1152h^2 × −6125 11959 −8864 3613 −583 11959 −25725 20078 −7425 1113 −8864 20078 −17175 6752 −791

3613 −7425 6752 −4545 1701 −96 −583 1113 −791 1701 −2880 1536 −96 −96 1536 −2880 1536 −96 .. . + O(h^4).

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.54/68

12-ngbr exchange

Eigenvalues ⊂ [0, 45) ⇒ Slow convergence

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.55/68

6-ngbr exchange

Assume ∂m/∂n̂ = 0:

∂^2 ∂x^2 = 1 h^2

−1 1 1 −2 1 1 −2 1 1 −2 1 ... + O(h^2).

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.56/68

6-ngbr exchange

No boundary assumptions:

∂^2 ∂x^2 = 1 h^2

−1.5 1.5 1.5 −2.5 1 1 −2 1 1 −2 1 ... + O(h^2).

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.57/68

Magnetization spiral

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.58/68

Wall types

Bloch wall

∇ · M = 0 ⇒ H_{demag} = 0

Néel wall

∇ · M ≠ 0 ⇒ H_{demag} ≠ 0

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.59/68

Néel-wall collapse

6-pt exchange, μ_0H = 5 mT, h = 20 nm

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.60/68

Magnetization spiral

m = (cos ωx, sin ωx) Exchange torque vs. ω

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.61/68

Néel-wall non-collapse

12-pt exchange, μ_0H = 6 mT, h = 20 nm

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.62/68

More Néel-walls

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.63/68

Conclusions

• 6-ngbr and 26-ngbr are 2nd order. • 12-ngbr is 4th order.

• 26-ngbr has less pinning for large cells, 12-ngbr dominates for h < l_{ex}.

• 12-ngbr helps against Néel wall collapse. • ∂m/∂n̂ = 0 good BC for equilibrium states with no surface pinning. Free BC possible.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.64/68

References

• CTCMS:

http://www.ctcms.nist.gov

• μMAG:

http://www.ctcms.nist.gov/~rdm/mumag.org.html

• OOMMF:

http://math.nist.gov/oommf

• Computational Materials Sciences Network:

http://www.phys.washington.edu/c̃msn/CRTs/MMBBAS

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.65/68

References

• Exchange

• “Wall structures in ferro/antiferromagnetic exchange-coupled bilayers: a numerical micromagnetic approach,” M. Labrune and J. Miltat, Journal of Magnetism and Magnetic Materials, 151, 231-245 (1995).

• “Exchange Energy Representations in Computational Micromagnetics,” M. J. Donahue and R. D. McMichael, Physica B, 233, 272–278 (1997).

• “A Variational Approach to Exchange Energy Calculations in Micromagnetics,” M. J. Donahue, Journal of Applied Physics, 83, 6491–6493 (1998).

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.66/68

References

• OOMMF

• “OOMMF User’s Guide”, M.J. Donahue and D.G. Porter, NISTIR 6376, NIST, Gaithersburg, MD (Sept 1999).

• Thermal

• “Statistical mechanics of nonuniform magnetization reversal,” H.-B. Braun, Physical Review B, 50, 16501–16521 (1994).

• “Thermally assisted magnetization reversal in submicron-sized magnetic thin films,” R.H. Koch, G. Grinstein, G.A. Keefe, Yu Lu, P.L. Trouilloud, and W.J. Gallagher, Physical Review Letters, 84, 5419–5422 (2000).

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.67/68

References

• Thermal (cont.)

• “The effect of the cell size in Langevin micromagnetic simulations,” V. Tsiantos, W. Scholz, D. Suess, T. Schrefl and J. Fidler, Journal of Magnetism and Magnetic Materials, 242-245, 999–1001 (2002).

• “Temperature dependence of spontaneous magnetization using a continuous model,” E. Martinez, L. Lopez-Diaz, L. Torres, and O. Alejos, preprint.

Comparison of Exchange EnergyFormulations for 3D Numerical Micromagnetics – p.68/68