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PBC Demag

1D periodic demag field
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Overview

H = N(r + kp)M = NP*M

k=—o00

where
p := offset vector between periods
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Considerations
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Overview

» Analytical form slow to compute, inaccurate for big R
» Asymptotics fast to compute, inaccurate for small R
» Asymptotics for high aspect cells inaccurate in midrange

> Series converges slowly (truncation error O(1/R?))






Analytic compute error
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F(z,y,2) = (1/6)(22” —y* = 2*)R
+(1/4)y(2* — 2®) log (R +y)/(R —y))
+(1/4)2(y* — 2*)log (R + 2)/(R — 2))
— zyzarctan (yz/zR)

Here R = /22 + y2 + 22.

Note: F(ax,ay,az) = a’F(x,y,2)




N, precursor G

G(z,y,z) = —(1/3)zyR
0/ 2yslog (R + 2/ =)
+(1/12)y(32* — y*) log (R + )/ (R —
+(1/12)2(32% — %) log (R + ) /(R
— (1/6)2® arctan (zy/zR)

— (1/2)y*z arctan (zz/yR)

— (1/2)2*z arctan (yz/xR)

Note: G(ax, ay,az) = 3G (x,y, 2)
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Demag tensor formulae
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Analytic Demag

New(r) = L[F;h(r
Ngy(r) = L[G;h](r
where
L{¢;h)(z,y, z) =
1
Z m¢($+61h$,y+eghwz+e3hz)

€1,62,e3=—1

with
v(er, €2, €3) = 8/(—2)(lerlFlealFlesD)



“L" 3 x 3 x 3 stencil
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“L" stencil decomposed

‘1 Z 1
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L operator

L{¢;hl(z,y,2) =
1

v(€1, €2, €3)
Z W¢(9€ + €1hy,y + €2hy, 2 + e3h)

€1,€2,e3=—1
Then
L[ - h)(z,y,2) = =62 062 062 /Anhyhyh.
where

O [0)(r) = @(z + h/2,y,2) — d(x — h/2,y,2),
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Analytic vs. asymptotic compute error
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. PBC Dema
Sample cell geometries ¢
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hx =1 hy:]- hz:]- Analytic Demag
Cube Aspect ratio: 1

he=2 h=1 h=0F
y Brick Aspect ratio: 2

where

Nominal length h := {/hyhyh,
hmax

3/hphyh.

Aspect ratio :=
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Analytic vs. asymptotic compute error
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Analytic vs. asymptotic compute error
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L operator revisited

L{¢;hl(z,y,2) =
1

v(€1, €2, €3)
Z me + €1hy,y + €2hy, 2 + e3h)

€1,€2,e3=—1
Then
L[ - h)(z,y,2) = =62 062 062 /Anhyhyh.
where

O [0)(r) = @(z + h/2,y,2) — d(x — h/2,y,2),
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Differences and Derivatives

(1/ha)0a + ...

h2 92 hi 94
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Asymptotics
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Asymptotic expansion

(—4mhghyh,) Ny (r)
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Surprise! (...or maybe not)

F (r) — 3z2 — R?
0x20y2072 N RS
%G 3y

0x20y2072 (r) = ‘R%

(dipole field)
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Asymptotic expansion PEC Demag
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(cosh (hm%) — 1) (cosh (hya%> - 1) (cosh (hz%) _ 1) Asymptotics
h2h2h2 82 92 92

N 92 57 97

1, h2 92 hi 94
= <§+47;'6W+7;!678x4 +
2 4
1 hy 52 hy 94

1 hg 9?2 ”i o4
. (5_{_7? W7+'..
1 1 2 92 2 92 2 92
= g-'-r ] (hx 922 + hZ Tyg + hz 79"22)+4th Order terms+ - - -
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Asym ptotlcs PBC Demag
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Asymptotics

3 2 RQ -1 T T
_ hahyh | (32%/R?) =1 hfAsry b Arrg LOWRY

NT’L' -
—4m R3 R5 R

where, for example,

xr
/8 3 3 —24 -2 6\| Y,
-4 -4 1 27 -3 -3 :

1
th5r4:7 . 9
-4 1 -4 -3 21 -3/|"%7Y,

2

h2
4 hg

Note: For cubes, R~° term is zero.
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Analytic vs. asymptotic compute error
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Asymptotics for high aspect cells
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PBC Demag

Recursive asymptotics for high aspect cells
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h,
a — Asymptotics
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Tail sum

Ntall

— 3 Neomalr + ) +
k=Ko
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Extended Simpson's rule
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Set

Tail Sum

1 4 2 4 2 4 2
~A|= — - - - — —
[3f0 + 3f1 + 3f2 + 3f3 + 3f4+ 3f5 + 3f6+

4 17 9 9 3
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b 17 59 43 49
/a f(z)dr =~ A [481‘0 + @fl + ng2 + @fg + fa+ f5+

Tail Sum

49 43 59 17
oot fnf4 + 478]"7173 + @fan + @fnfl + @fn

31 11 5 1
+ ngo - ngl + ngz — @f?)

1 ) 11 31
- Z8fn—3 + @fn—2 - @fn—l + @fn
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Error in sum approximate
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fk. ~ A/ f(l‘) dl’ Tail Sum

k=0
31 11 5 1
+ ZSfO - @fl + @f? - @f?,
1 5 11 31
- &fn—ﬁ% + Efn—Z - @fn—l + Zan

where

|Error| < C Y A*f¥(g)

k=0
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Error in sum approximate
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|Error| < CZA4 (&)
k=0
In our case Theill S
fz) ~ e () ~ g = |p|
So
1 o
Y fe= P f(x) dx
KO O‘p‘

+ @fKO - ZSfKO-H + Z8fK0+2 - ngK0+3

o0
+O0 | > Ipl*(klp))~T
k=Ko
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Error in sum approximate
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|Error| < CZA4 (&)
k=0
In our case Tail Sum
1 4 1
f@)~ = Y@~ = A=p)
So
1 o
Y fe= P f(x) dx
KO O‘p‘
+ @fKO - ZSfKO-H + @fKOJ,Q - ngK0+3
+0(1p 7 K5°)
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Summary
> 1D periodic demag tensor NP¢ =", N(r + kp).
» Nanalytic loses 6 digits/decade in R, and is slow
= Restrict Nypaiytic for R < Ry ~ 15-20h.
> Use § ~ >0 to derive Nasymp; Error ~ A% /R
= Subdivide cells to tame big A
= Nasymp for R < R < Ry
> ZR>R2 Nasymp ~ fR>R2 Nasympy R2 - KO |p|
> Tail error < 50004 |p|* K52 = 5000h3 |p|” / R}
» Single core (initialization) compute time < 1 minute
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