Analysis of Switching in Uniformly Magnetized Bodies

Mike Donahue Don Porter

http://math.nist.gov/

Mathematical & Computational Sciences Division Information Technology Laboratory National Institute of Standards and Technology Gaithersburg, Maryland

Overview

• Assume uniform M

▷ 3D form of Stoner-Wohlfarth model ▷ “Biaxial anisotropy of second degree” [1] • Analysis of magnetization reversal

▷ 1D parameterization of stationary points ▷ Classification of stationary points • Quadratically convergent iterative algorithms ▷ Switching field H_s ▷ Equilibrium magnetization(s) M, given H • Direct calculation of coercivity H_c when ≠ H_s • As |H| ↑ H_s:

▷ Precession frequency: f ∝ (H_s − |H|)^{(1/4)} ▷ Susceptibility: χ ∝ (H_s − |H|)^{−(1/2)}

Energy Components. . .

E_{exch} = ∫ V A M^2s ( |∇Mx|^2 + |∇My|^2 + |∇Mz|^2 ) d^3r

Eanis = − ∫ V K1 M^2s

(M · u)^2 d^3r

EZeeman = −μ0 ∫ V M · Happlied d^3r

Edemag = − μ0 2 ∫ V M · Hdemag d^3r

where

H_{demag}(r) = − 1 4π ∫ V ∇ · M(r^′) r − r^′ |r − r^′|^3 d^3r^′ + 1 4π ∫ S n̂ · M(r^′) r − r^′ |r − r^′|^3 d^2r^′

. . . for Uniform M

E_{exch} = 0

Eanis = M^T [ − 1 M^2s ∫ V K1uu^T d^3r ] M

EZeeman = [ −μ0 ∫ V H^T_{applied} d^3r ] M Edemag = M^TKM

where

K = − μ0 8π ∫ V ∫ S r − r^′ |r − r^′|^3 n̂^T d^2r^′ d^3r

⇒ Etotal = (μ0/2)M^TDM − μ0H^T_{applied}M

Lagrange Analysis

E = (μ_0/2)M^T DM − μ_0H^T M • Choice of coordinates:

• D =

D_x 0 0 0 D_y 0 0 0 D_z

, D^x < D^y < D^z

• Let M = Mm and H = Hh. • Fix M and h. Vary H.

• How does m rotate in response?

Lagrange Analysis

• Constrained optimization problem • Apply multiplier (μ_0λ) to constraint |M|^2 = M^2

∇_ME = μ_0DM − μ_0H = (μ_0λ)M

• Solve for M

M(λ) = Mm(λ) = (D − λI)^{−1}H

• Substitute into constraint ( M H )_2 = h^2_x (D_x − λ)^2 + h^2_y (D_y − λ)^2 + h^2_z (D_z − λ)^2 △ = g(λ)

Plot of g(λ)

6

Classification of Stationary Points

• Let λ^∗ be solution of g(λ^∗) = (M/H)^2. Define: Φ(R)^△= R^T (D − λ^∗I) R • Let m^∗ = m(λ^∗). Then,

ΔE = E(m) − E(m^∗) = μ_0 2 M^2 Φ(m − m^∗) • λ^∗ < D_x: ΔE > 0; global minimum • λ^∗ > D_z: ΔE < 0; global maximum • D_x < λ^∗ < D_z: examine Φ(R) near R = 0.

Φ(R) = R^2Φ(r); |r| = 1, r · m = 0. • Let a_1 = min Φ(r). • Let a_2 = max Φ(r).

Classification of Stationary Points

• Another constrained optimization problem

a_1a_2 =

H^2 2M^2

(D_x − λ^∗)(D_y − λ^∗)(D_z − λ^∗)g^′(λ^∗)

a_1 + a_2 = D_x + D_y + D_z − 3λ^∗ −

H^T m^∗ M • “Interlacing property” [2, 3] D_x − λ^∗ ≤ a_1 ≤ D_y − λ^∗ ≤ a_2 ≤ D_z − λ^∗

• D_x < λ^∗ < D_y: a_2 > 0

▷ g^′(λ^∗) < 0 ⇒ 0 < a_1 < a_2 ⇒ local minimum ▷ g^′(λ^∗) > 0 ⇒ a_1 < 0 < a_2 ⇒ saddle point • D_y < λ^∗ < D_z: a_1 < 0

▷ g^′(λ^∗) < 0 ⇒ a_1 < 0 < a_2 ⇒ saddle point ▷ g^′(λ^∗) > 0 ⇒ a_1 < a_2 < 0 ⇒ local maximum

Plot of g^′(λ)

9

Switching Field H_s

• Switching (a → b) when |H| = H_s • Point a: (λ_s, (M/H_s)^2), where D_x < λ_s < D_y; g^′(λ_s) = 0 • Newton’s method iteration converges to λ_s λ_{n+1} = λ_n − g^′(λ_n)/g^{′′}(λ_n) λ_{n+1} = λ_n − 1 3 h^T (D − λ_nI)^{−3} h h^T (D − λ_nI)^{−4} h • From λ_s and g(·), compute H_s

Equilibrium Magnetizations

• Each λ^∗ solves g(λ^∗) − (M/H)^2 = 0 • Newton’s method iteration converges to λ^∗ λ_{n+1} = λ_n − ( g(λ_n) − (M/H)^2 ) /g^′(λ_n)

λ_{n+1} = λ_n − h^T (D − λ_nI)^{−2} h − (M/H)^2 2 h^T (D − λ_nI)^{−3} h • From λ^∗ and H, compute m^∗ • Different λ intervals for m^∗ min, max, etc.

Coercive Field H_c

• When does M · H change sign?

▷ Applied field direction near easy axis ∗ Irreversible sign change ∗ Only during switching (at H_s) ▷ Applied field direction far from easy axis ∗ Reversible sign change ∗ Coercive field |H_c| < H_s exists H_c · M(λ_c) = 0

h^2_x D_x − λ_c + h^2_y D_y − λ_c + h^2_z D_z − λ_c = 0 • Quadratic equation in λ_c • Roots: D_x < λ_1 < D_y < λ_2 < D_z • From λ_1 and g(·), compute H_c

Precession Frequency f

• LLG dynamics near equilibrium • Precession frequency f is a function of the energy surface curvature[4]: f = γ √ 1 + α^2M √ a_1a_2 2π where γ = gyromagnetic ratio α = damping coefficient

• For λ near λ_s

g^′(λ) = 2M √ g^{′′}(λ_s)(H_s − |H|)

H^3_s

+ O(H_s − |H|)

• Thus as |H| ↑ H_s

f(H) ≈ γ 2π √ (1 + α^2) M det (D − λ_sI)

×^4 √ g^{′′}(λ_s)H_s(H_s − |H|)

• Likewise, susceptibility χ as |H| ↑ H_s

χ ∝ (H_s − |H|)^{−(1/2)}

Special Cases

• Classic Stoner-Wohlfarth Model (2D) ▷ Simplify g(·) to two terms. ▷ Any 2 of D_x, D_y, D_z equal; or ▷ Any 1 of h_y, h_z equal to 0

• Isotropic case ▷ All 3 of D_x, D_y, D_z equal

14

μMAG Std. Prob. 2: Reversal

15

μMAG Std. Prob. 2: Coercive Fields[5, 6, 7]

16

References

[1] A. Thiaville, Physical Review B 61, 12221 (2000).

[2] J. H. Wilkinson, in The Algebraic Eigenvalue Problem (Oxford : Clarendon Press, 1965), pp. 101–102.

[3] G. H. Golub and C. F. V. Loan, in Matrix Computations (Johns Hopkins University Press, 1983), p. 269.

[4] J. Smit and H. G. Beljers, Technical report, Philips Research Reports (unpublished).

References

[5] B. Streibl, T. Schrefl, and J. Fidler, J. Appl.

Phys. 85, 5819 (1999).

[6] R. D. McMichael, M. J. Donahue, D. G. Porter, and J. Eicke, J. Appl. Phys. 85, 5816 (1999).

[7] L. Lopez-Diaz, O. Alejos, L. Torres, and J. I.

Iniguez, J. Appl. Phys. 85, 5813 (1999).