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Leonard Maximon (NIST; 27/5/2010):

“Suppose that | have a second order (three-term) homogeneous
difference equation, with coefficients that are either linear or quadratic
functions of the index, n. The equation for the Legendre polynomials is a
good example. | assume further that | have specified the value of the
solution for n =0 and n =1, so that in principal | can determine the
solution for all n. The question is then, can one, knowing only the
homogeneous equation and the first two values, determine (write down)
the analytic expression for the asymptotic expansion (the first term in
that expansion will do) for n very large.”

My answer (31/5/2010):

“A simple answer to your question is that we don't know how to write
down even the 1st term in the asymptotic expansion of the solution to a
difference equation with given initial data. Even in the simple case of
Legendre polynomials, it is not known how to tackle this problem.”
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J. Wimp and D. Zeilberger, Resurrecting the Asymptotics of linear
Recurrences, J. Math. Anal. Appl. 111(1985), 162-176

“Once on the forefront of mathematical research in America, the
asymptotics of the solutions of linear recurrence equations is now almost
forgotten, especially by the people who need it most, namely
combinatorists and computer scientists.”

J. Wimp, Book Review, Math. Comp., 56 January, 1991, 388-396
“There are still vital matter to be resolved in asymptotic analysis. At
least one widely quoted theory, the asymptotic theory of irregular
difference equations expounded by G. D. Birkhoff and W. R. Trjitzinsky
[5, 6] in the early 1930's, is vast in scope; but there is now substantial
doubt that theory is correct in all its particulars. The computations
involved in the algebraic theory alone (that is, the theory that purports to
show there are a sufficient number of solutions which formally satisfy the
difference equation in question) are truly mindboggling.”
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A. Iserles, SIAM Rev. 42(2002), pp.739-768

“An important observation, which | associate with Nick Trefethen, is that
every hard mathematical construct becomes, subject to discretization, an
even harder mathematical construct. Thus, for example, difference
equations might be a handy and practical means to compute differential
equations, but they are considerably more complicated to analyze.”

4/42



1. Recurrence relation

("4 1)Ppy1(x) = (2n + 1)xP,(x) — nPp_1(x)
2. Differential equation

(1 — x®)P!(x) — 2xPL(x) + n(n 4+ 1)Py(x) = 0

un(0) £ (sin 6) P,(cos )

1 1
" 0 )2
up (9) + (n+2) +4sin20

u,(0) =0
3. Integral representation
Pa(x) = / (x+(2—1)cos}ds, x> 1.
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Asymptotic Formulas (as n — o0)

(NI

)
x>1;

)

1 {x+(x2—1)

2nm (x? — 1)%

2 1 s
P, = 4/ ) —3/2
(cos ) ﬂnsin0cos{<n+2>0 4}—I—O(n ), O0<f<m

Question: Are there derivations of these asymptotic formulas, based on
the recurrence relation for P,(x)?

Pa(x) ~
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y(n+2)+a(n)y(n+1)+ b(n)y(n) =0

. a = b
an=>Y =, Bn=) —
n n
s=0 s=0
P’ +agp+by=0 characteristic equation

—dag + \/ ag — 4b0
P1, P2 = 2
Case (i) p1 # p2 (Birkhoff, 1911)

[ee)

; Cs,j .
yi(n) ~pfn® Y = =12,
s=0
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apjt+b  aipit+h

- 2p7 +pao aopj + 2bo

Qj =

Case (ii) pr = p2 = —%ao but 2by # aga; (Adam, 1928)

ye(n) ~ p"e™Vn™ Y "(41)
s=0

1 by apay — 2by
— — i = 2 _—
=12 7T T 2m

s Cs
ns/2
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Exceptional case: p1 = po=p = —%ao, 2b; = aga

indicial polynomial
g(a) = a(a —1)p* + (s + a)p + by

glas) =0, i=1,2.

Subcase (i) ap — a3 >0and #1,2,---
(o5 - a 7' M
}G(")ZP""JZ%a a0, =1 j=12
s=0
Subcase (i) ap — a3 =0,1,2,- - -.

[e e}

n o ayl
() = g 30
s=0
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(o) /b
ya(n) = p"n°2 Z n_z + Cy1(n)In n,
s=0

where the prime on > denotes that the term for s = a, —« is absent,
and

c=1 when ar—ay = 0; bp=1 when ar—ay =1,2,
More General Equations
y(n+2) + nPa(n)y(n+ 1) + n?b(n)y(n) = 0.

p,q are integers.
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R. Wong:* Their (B&T) papers have been considered for too
complicated and even impenetrable.”

Frank Olver: “the work of B&T set back all research into the asymptotic
solution of difference equations for most of the 20th Century.”
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2n+3 n+1

Pn+2(X) - XPn+1(X) +

P,(x)=0

n+2 n+2

a(n) ~ —2x(1— i +

1
2n 2

n__|_)

1 2
b(n) ~1— =4 = 4 ...
(n) Sttt

p1, P2 = x+vx2-1

2x £ V4x2 —4
5 =

1
0[120422—5
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Case(i) x ¢ [-1,1]:

o0
yi(mx) ~ (x+Vx2—1)"n"2 )

Case(ii) x € (-1,1): x=cosf, 0<6<m.

o0
ya(m; x) ~ (cosd £ isin 6’)"n’% Z St

ns
s=0
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oo
_1 Cs1
y1(n; x) ~ (cosnf)n~2 E ,
nS

s=0

Cs.2
ns’

NE

y2(n; x) ~ (sin n0)n*%

Il
<}

S

Pa(x) = C(x)ya(n: x) + D(x)y2(n; x)

How do you determine the coefficients C(x) and D(x)?
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monic (Legendre) polynomials

2™nl

ma(x) = mP,,(x)
Tnt1(X) = xmp(x) — 4,72’7—77n—1(x)7 n>1

-1
mo(x) =1, m(x)=x

Set

ma(x) = H wi(x)
k=1

k? 1
4k2 — 1 wy(x)’ -

wi(x) = x.

Wit1(x) = x —
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Outside the interval [—1, 1], we have

x+vVx2 -1
Wi (x) ~ — as k — oo.
Put
x+vVx2—1
w(x) = ——
2
and )
L Wi (X
ug(x) := W)
2
Uk+]_(X) = X k ! k Z 17

w(x) C4k2 -1 w2(x)ug(x)’

U]_(X) = m
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Make the change of variable

t=t(x):=(x — Vx2 - 1)

Then 1
5 X
= — — =1 .
w () at’ w(x) it
4kt 1
Uk+1(X):1+t—m m, k217
n(x)=1+t.

Define Q(t) :=1 and

Qn(t H Uk(X n Z 1.
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We have
Qu(t) =1+t

4n?t
a2 — 1

Qni1(t) = (1 + ) Q@n(t) = 15— Qua(1).

= B)iln=j+ 1)
Qn(t) = FZO —ﬂ(n —j+ %)J t
Qn(t) = (1 - t)_l/2 as n — oo.
7a(x) = W(x)"Qu(t) ~ w(x)"(1 — )12

For x ¢ [-1,1],

i v@—1\" [(x+vee—1\"”
Talx) ~ 2 N

n — oQ.
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Inside the interval (—1,1), we have already shown

Py(x) ~ [C(x)cos nf + D(x)sin nG]%, x = cosf
27n! NaT N .
7n(X) mPn(x) ~ P,(x) ~ 2—n(C(x) cos nf + D(x)sin nB)

(1)

This, in fact, holds for x in a neighborhood of [—4,6],0 < 6 < 1 in the
complex plane. For x € C\[-1,1],

x+vx2 -1 ! x+vx2 -1 12
() ~ 2 e 1)
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Note that # = arccos x and 0 < Re 6 < « implies Im 6 < 0 for Im x > 0.

Equation (1) gives
VT (C(x) D)\
mo(x) ~ S (—2 + = ) e,

Equation (2) gives

1)~ e [T
" 2 2sinf

Therefore

- <C(x) N D(X)) e/(0/2=m/4)

2 2i ) (2sin0)1/2
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Similarly, by matching (1) and (2) in the region Im x < 0, we obtain

Y= (C(x) B D(x)) e i(0/2-m/4)

2 2i ) (2sin0)/2 "

Solving these two equations, we have

JRCH) = (1+sin9)1/2 D00 = (1—sin9>1/2.

sind sind

N 1/2 anp\ /2
Wn(X)N% [cosn9(1+sm9> -i—sinnﬁ(1 sml9> ]

sin 6 sin 6

6 = arccos x with 0 < Ref < 7.
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2xHp(x) = Hpy1(x) + 2nHp—1(x)

7(x) = 5 Ho(x)
Tnt1(Xx) = xmp(x) — gwn_l(x), n>1
mo(x) =1, m1(x) = x.

ma(x) = H wk(x)
k=1

k

w1(x) = x, wrt1(x) = x — m
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X = x, 1= 2ny with y € C\[-1,1],

_ Xn Tt VXn— 2k 1 _s
wi(xn) = > [1 + 202 = k)+ O (n )]
T
uniform in k=1,--- /n

Tn(V2ny) ~ (2—’;)"/2 exp {n [y2 —yvVy?2—1+log (y + \/yZ——l)]}
« <”— Vy2_1>1/2, y e C\[-1,1].

2y/y?2 -1
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1
pn(x) :== mﬂ'n(x)
I;g;—ii;ypn(\/ﬂy) = pns1(V2ny) + po_1(V2ny)
Assume

pa(vV2ny) ~ n[p(y)]" {f(y) cos[ng(y)] + &(y) sin[ne(y)]} -

From the 3-term recurrence relation, one finds

oly) = e’ for some ¢ € C, p(y) = arccosy — y/y?2 —1
0 := arccos y

25/42



20
y 0 0
f(_y) = m <C1 cos — + C2 sin E)

2c
__ in? 0
g(y) = m <—C1 sin > + C2COS 2)

"
[N Io) 2 2\—1/4 0 . 0
pn(V2ny) ~ n%e vy “(1-y9) G cos n<p+§ + Gsin n<p—|—§ ;

y in a small neighborhood of [-1+ 4,1 — 4], § > 0.

)~ on{al T s )

1 1/2
<y2 y2_1> . yeC\[-1,1].
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Imy>0= «a=0,c=1and

g C2 _ e—i7r/4

2 T2 T ayE

Imy<0= a=0,c=1and

Cl_cz_eiw/4
2 2 2ym’
1
G=C=—
1 2 >
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Pn+1(X) = (anX + bn)pn(x) - Cnpn—l(X)

Pri1(x) — (Apx + Bp)Pa(x) + Pp_1(x) =0

Questions:

1. What is a turning point for a second-order linear difference
equation?

2. How does Airy's function arise from a 3-term recurrence
relation, when the function itself does not satisfy any
differnece equation.

3. How the function ¢ in Ai(A\?/3¢) is obtained, when there is
no corresponding transformation such as Langer's
transformation for differnetial equations or the cubic
transformation for integrals.
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Pri1(x) — (Apx + Bp)Pa(x) + Pp_1(x) =0

[e )

_ — Bs
’ :g:: ns’ :g;; s

0 R, ag # 0.

v:i=n++1Ty

T

to be determined
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0 o St /
Ay~ 0N == By~ =
s’ s
1% 14
s= s=0
X = uat
Try P, = A",

and let n — oo.

N —(apt+ BN +1=0  characteristic
equation
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Roots:

he =5 [(abe+ po) £ e+ st - 4]

Transition points:
agty + By = £2,
i.e. when the characteristic roots coincide!

Note: ty & t_ distinct.
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Three cases:

(i) 0#0 & ty #0 (turning point)
(i) #0and t =0

(i) 6 =0. (transition point)

Case (i):  Formal solution
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x=v’t is fixed!

-0
1
n—n+1(orv—v+1) t—>t’:<1—|——> t

—0
1
n—n—1(rv—v—1) t—>t":(1——) t

x=t=w+1)% x=1t=w-1)7%"
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(e (O)-+N[w+4ﬁc<(1+1)4{>+¢(C$5:i{ﬂ9)]

¢= (). ® = 0(().




(*) Pri1(x) = (Anx + By)Pa(x) + Pn_1(x) = 0

o a e /3
An ~ n70 E S’ Bs ~ E 57
n® n®

s=0 0

aoty + Bp = 2, turning points
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If 6 #£ 0 and |Bo| <2 (i.e, t- <0< t;), choose

aity + 51

TO=—"—r

(2 —Bo)0
so that
O/lt+ + 5{ = Oa

where o} and (] are the coefficients in

o0 12 o] /
_ «@ I}
A, ~v? ==, BHNE:_S’
144 144
s= s=0

and

Vv =n+Tg.
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THEOREM A. (Wang and — | Numer. Math., 2003)
If0 #0 and |Bo] <2 (ie., t_- <0< ty), then (x) has a pair of linearly
independent solutions

4 i
P,(x) = Pn(yf)t) ~ (—(aot AT 4>
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where ((t) and ®(¢) are explicitly given analytic functions. These
expansions hold uniformly for 0 < t < oco.
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s—1/0

-[C(l‘)]2 =apt!/?
TRV aos+ﬂo
_logaoi’-i-ﬂo-}-\/ ozot-i-ﬂo —4
2 b

t> ty,
2
Sl —cost 002

ty —1/9

V4 — (aos + fo)?

1/0

— oot t <ty
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1 t / !
o(¢) = __1/ Md 7

Cf t 20T<§H0(C)
oy = a1 + f7oa, B = b1

Ho(C) =~y (ot +4b;0)2 —
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Case (iii): 6 = 0 (transition point)
The characteristic roots again coincide when x = x4, where
aoxt + Bo = £2.

Assume a; = 51 = 0 so that aux; + 51 =0

(azxy + (3)
=B TEL L N=nt.
o 2(a2X+ =+ ﬁg) 7o
1
v=(ahx, + B5+ 2)1/2.

agx + Bo

¢3(x) = cosh (=)

41/42



THEOREM B. (Wang and — | Math. Comp., 2005)

If § = 0, then (x) has a pair of linearly independent solutions

Frlod (W)i

N%IV(NQW)ZA s(€) + NECEL, g (NG )Z B(O

s=0
and
Qn(X)N<(a0X_’_5O )

C1/2

X

v—1 Ng Z B;ESC
s=0

There expansions hold uniformly for x_+ § < x < cc.

s=0
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