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Polynomials of one variable but indexed by a multi-index Multip'epglr;';zgnﬁzz
n = (ny,n2,...,n.) € N (r > 1) satisfying orthogonality
.- . .. type Il multiple
conditions with respect to r positive measure (i1, . . ., [t ON the orthogonal polynomials
. type | multiple
I‘eal I|ne. orthogonal polynomials
- . , . . Determinantal point
They appear naturally in Hermite-Padé approximation to r processes
functions Recurrence relations
Various examples

du;(x

f](z): M? 1§]§T-
Z—X

There are two types: type | and type Il
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type Il multiple orthogonal polynomials
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Multiple orthogonal

P5 is a monic polynomial of degree |7i| = ny + no + - - - + n, i

for which definition
type Il multiple

orthogonal polynomials

k type | multiple
Pﬁ(ﬂf)x d,l,l,l (a?) p— 0, k‘ = 0, ]_’ R 1 orthogonal polynomials

Determinantal point
processes

Recurrence relations

/Pﬁ(x)a?k d,u’l“(x) — O, k‘ == O, ]_, . 7nr _ 1 Various examples

72| linear conditions for |77| unknowns.

Solution exists and unique: 72 is a normal index for type Il.
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type | multiple orthogonal polynomials
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Multiple orthogonal

(A1, .., A5 ,)is avector of r polynomials, with Ay ; of oymomats

degree n; — 1, for which definition
type Il multiple

orthogonal polynomials

7“
k . L - = orthogonal polynomials
/x Z Aﬁ’] d,U/] (ZC) - 07 k - 0’ 1’ Tt ‘n’ - 2 Determinantal point

processes

Recurrence relations

Various examples
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72| linear conditions for |77| unknowns.

Solution exists and unique: 72 is a normal index for type | ( < for

type II).
Notation:
Qn(z) = iAﬁ (2)w;(z), wi(z) = dy;(@)
j=1 ! dﬂ(x)
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Determinantal point processes
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Surveys

A. Borodin: Determinantal point processes, arXiv:0911.1153 [math.PR]

T. Tao: http://terrytao.worldpress.com/2009/08/23/determinantal-processes
A. Soshnikov: Determinantal random point fields, Russian Math. Surveys 55
(2000)

R. Lyons: Determinantal probability measures, Publ. Math. Inst. Hautes
Etudes Sci. 98 (2003)

K. Johansson: Random matrices and determinantal processes,
arXiv:math-ph/0510038
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definition
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A point process on R is determinantal if there exists a kernel Multiple orthogonal

polynomials

K . R X R — R such that Determinantal point

processes
what?

Pr{d particle in each (x;, x; + dx;),1 < i < n}
biorthogonal ensembles

— . . n random matrices

- det (K(ZC“ x]))i,jzl d.fljl d'CEQ cr e d.fljn random matrices with

external source

non-intersecting

Brownian motions

non-intersecting

Brownian motions

squared Bessel paths

(provided these probabilities are positive, of course).

Recurrence relations

Various examples
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biorthogonal ensembles
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Multiple orthogonal
polynomials

If (¢)i=12,...n and (1;)i=12... n are functions on R and

Determinantal point
processes

what?

Ly = / det (¢Z‘(£Ej))zj:1 det (@DZ (:Ej))':'tjzl dry...dx,, definition

biorthogonal ensembles

random matrices
random matrices with

then the point process with external source

non-intersecting
Brownian motions

P(x1,.-,Zn) = 2" det(qbi(xj))?j:l det (%(fﬂj))?’j:l roumian motione
’ ’ squared Bessel paths
IS determinantal with Recurrence relations
Various examples
n n
=> > (G Nigoi@)ws(y),
1=1 7=1

and

Gij= | ¢i(x)y;(x)dx

R
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random matrices

LIFLISHIAINN IMIITOHLIVM

For the Gaussian Unitary Ensemble (GUE) of Hermitian n X n M“'“p'epg[;:‘;?n"ig?s'
matrices M with probability distribution RS S S
Processes

—1 _—2nwV (M what?

Zn e ' ( ) dM definition

biorthogonal ensembles

the eigenvalues are a determinantal point process with random matrices with

external source
non-intersecting
Brownian motions

n—1
K(z,y) = Zpi(a:)pi(y)e_v(x)_v(y) Er———
i=0

squared Bessel paths

Recurrence relations
where po(x), p1(x), p2(x), ... are the orthonormal polynomials Various examples
for the weight e 2V (@)

/pi(a:)pj(a:)e_zv(w) B = Oy

10/ 27



random matrices with external source

If A is a given Hermitian n X n matrix and the probability

distribution is
Z—l e—Tr(V(M)—I-AM) AM

n

then the eigenvalues are a determinantal process with

7] -1

K(.CC,y) = Z Pﬁi(x)QﬁHl (.CC)
1=0

where P5 and (5 are multiple orthogonal polynomials for the
measures ¢V (£)—a;z (1<j<r)withay,...,athe
eigenvalues of A and n; the multiplicity of the eigenvalues a;.
The multi-indices (7, . . ., 7, ) are a path in N” from 77y = 0 to
ﬁ|ﬁ| = 1 such that 77,1 — 17; = €; for some j € {1,...,r}
and €1, ..., €. are the unit vectors in N",

LIFLISHIAINN IMIITOHLIVM

Multiple orthogonal
polynomials

Determinantal point
processes

what?

definition

biorthogonal ensembles
random matrices
random matrices with
external source
non-intersecting
Brownian motions

non-intersecting
Brownian motions

squared Bessel paths

Recurrence relations

Various examples
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non-intersecting Brownian motions

LIFLISHIAINN IMIITOHLIVM

Multiple orthogonal
polynomials

Determinantal point

1.5 processes
t=0.4
what?
s T definition
AT SN pay e ;
’f:f;w i biorthogonal ensembles
F “ﬂ-«wﬁ{,—v\_m“‘j/"‘? )

0.5 V;Wf%w;_ random matrices

et T o q
V;’H\/Mx&/\/ random matrices with

o i = it

AN e A IR external source

ol AT AR, SiRa e ~AA, vl . :
mﬂwf non-intersecting
AR e Brownian motions

wm/\/‘-\..,\v\-f”" - . .
L W i non-intersecting
- Q\w\,\\//» Brownian motions

T .
L ‘/\w_(f squared Bessel paths
Recurrence relations
_1_5 1 1 1 1 1

Various examples
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non-intersecting Brownian motions
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Multiple orthogonal
polynomials

Determinantal point
processes

what?

definition
biorthogonal ensembles
random matrices

0.5 random matrices with
external source
non-intersecting

|:| -

Brownian motions

non-intersecting
Brownian motions
squared Bessel paths

Recurrence relations

Various examples
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squared Bessel paths

LIFLISHIAINN IMIITOHLIVM

Multiple orthogonal

25 T T T T .
polynomials

Determinantal point
processes

what?

definition
biorthogonal ensembles

random matrices
random matrices with
external source
non-intersecting
Brownian motions
non-intersecting
Brownian motions

squared Bessel paths

Recurrence relations

Various examples

Y(t) = X3(t) + X3() + -+ X3(1)

where (X7 (t), Xo(t), ..., X4(t)) is a d-dimensional Brownian
motion starting from (a1, . .., a4) and ending at (0,0, ..., 0).
This is a biorthogonal ensemble which uses modified Bessel
functions I, with d = 2(a + 1).
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Recurrence relations
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nearest neighbor
recurrence relations

compatibility relation
Christoffel-Darboux
formula

Various examples
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nearest neighbor recurrence relations

LIFLISHIAINN IMIITOHLIVM

Orthogonal polynomials on the real line always satisfy a e oot
three-term recurrence relation. Determinantal point
processes

Recurrence relations

TPn(T) = Ant1Pn+1(T) + bnpn(T) + anpn—1(z).
recurrence relations

compatibility relation
Christoffel-Darboux
formula

Various examples

Multiple orthogonal polynomials (with all multi-indices normal)
satisfy a system of r recurrence relations

zP;(x) = Piya, (2)+b71Pa(2)+ ) az;Pig(z), 1<k<r
j=1
2Q7(2) = Qg (1) +bi_a, kQr(x)+)Y a7 ;Qaiz(x), 1<k<r
j=1
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compatibility relation

LIFLISHIAINN IMIITOHLIVM

The recurrence coefficients satisfy some partial difference e oot
equations (Van Assche, 2011). Determinantal point

Processes

Suppose 1 < i #£ 5 < r, then

Recurrence relations
nearest neighbor

b_, L. b_, . — b_, . b_, . recurrence relations
n+ei »J n,J n+ej L 1, compatibility relation
r r Christoffel-Darboux
Sange - Y onsne = det (Vi b
n""ejak ni+€;,k b_, o . b_, . Various examples

: n+e€;,] U1,

7=1 k=1
aii g —bi_g.

Reason: Pz 1 () can be computed in two ways from the
recurrence relations:

first compute P ¢, () and from there Py 1z 1z ()
first compute P ¢, () and from there Py, o 1 &, ()
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Christoffel-Darboux formula

LIFLISHIAINN IMIITOHLIVM

For orthogonal polynomials there is the Christoffel-Darboux Multiple orthogonal

polynomials

rEIation Determinantal point

Processes

Recurrence relations

nilpi (x)pz (y) — pn(x)pn_l(y) _ pn—1(aﬁ)pn(y) nearest neighbor

- a”l’L T recurrence relations
y compatibility relation
p y

Christoffel-Darboux
formula

Various examples

For multiple orthogonal polynomials there is a similar formula

il Fa(@)Qa(y) = X anyPi-e, (¢)Quve; (v)
Zpﬁz QnH_l(): Jx_y

where (77;);=0 1.... || is @ path in N" from 7ip = 0 to M| =7
such that for each ¢ € {0, 1,...,|7| — 1} one has

Miy1 — 1; = €5 forsome j € {1,2,...,r} (Kuijlaars &
Daems).

18 /27



F
m
=
<
m
=

Multiple orthogonal
polynomials

Determinantal point
processes

Recurrence relations

Various examples

Various examples

multiple Hermite
polynomials
multiple Laguerre
polynomials, first kind
multiple Laguerre
polynomials, second
kind

multiple Jacobi
polynomials

multiple Jacobi
polynomials

multiple orthogonal
polynomials and
modified Bessel
functions I

multiple orthogonal
polynomials and
modified Bessel
functions K

references
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multiple Hermite polynomials

/ :CkHﬁ(a:)e_xQJrcjw dx =0, k=0,1,...

— 00

where ¢; < c; whenever i # j.

random matrices with external source (Kuijlaars & Bleher),
non-intersection Brownian motions (Kuijlaars, Daems, Delvaux,
Bleher)

Rodrigues formula

r .
SPar Ldh
e_xQHﬁ(ZC) _ (_1)|n|2—|n| H e_chdxnj eCiT €_x2.
j=1

Recurrence relations: for1 < k£ < r

Ck 1 -
tHyz(z) = Hiy e, (T) + EHﬁ(x) + 9 anHﬁ—éj ().
j=1

N3AN3T

Multiple orthogonal
polynomials

Determinantal point
processes

Recurrence relations

Various examples

multiple Hermite
polynomials

multiple Laguerre

polynomials, first kind

multiple Laguerre

polynomials, second

kind

multiple Jacobi
polynomials
multiple Jacobi
polynomials
multiple orthogonal
polynomials and
modified Bessel
functions I
multiple orthogonal
polynomials and
modified Bessel
functions K

references
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multiple Laguerre polynomials, first kind

/ 2Lz (x)z% e % dx = 0, k=0,1,...,n; — 1
0

where aq,...,0, > —land a; — o & Z.

. T dn
()T L) = T (27—

g=1

.
B n; + o —
ang =nj(nj+oy) || ———=
i=1,17#]
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Multiple orthogonal
polynomials

Determinantal point
processes

Recurrence relations

Various examples
multiple Hermite
polynomials

multiple Laguerre
polynomials, first kind
multiple Laguerre
polynomials, second
kind

multiple Jacobi
polynomials

multiple Jacobi
polynomials

multiple orthogonal
polynomials and
modified Bessel
functions I

multiple orthogonal
polynomials and
modified Bessel
functions K

references
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multiple Laguerre polynomials, second kind

/ 2" Lz(x)z% %% dx =0, k=0,1,...,n;—1
0

with c1,...,¢, > 0and ¢; # c¢j whenever i # j.
Wishart ensembles in random matrix theory.

St

|72 - n; e _ - a7 d" —C;x aERe’
(—1) ch xL(x)—H e’ S
j=1

dx™
j=1

.

zLz(x) = Late, () + b pLi(z) + > an;La—g,(x)
j=1
7| + a)n; il +a+1
A, 2 ) biz,j = | .
c3 C; — ¢

N3AN3T

Multiple orthogonal
polynomials

Determinantal point
processes

Recurrence relations

Various examples

multiple Hermite
polynomials

multiple Laguerre
polynomials, first kind
multiple Laguerre
polynomials, second
kind

multiple Jacobi
polynomials

multiple Jacobi
polynomials

multiple orthogonal
polynomials and
modified Bessel
functions I

multiple orthogonal
polynomials and
modified Bessel
functions K

references
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multiple Jacobi polynomials
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Multiple orthogonal
polynomials

1

Determinantal point

xkpﬁ(x)xaj(l — x)ﬂ daf = 0, k — 0, ]., .« .. ,nj —1 processes

O Recurrence relations

. Various examples
with A1, . .., Op, 5 > —1 and Q. — a] ¢ 2. multiple Hermite
polynomials

multiple Laguerre
polynomials, first kind
multiple Laguerre
polynomials, second

(DM L1017 + 05 + B+ Dy (1 = ) Pr(a)

multiple Jacobi

polynomials

multiple Jacobi

r d’n,j polynomials

n;+ao; |+ multiple orthogonal
_n‘x J T (1—:(3)' +3

S
I
—_

d j polynomials and
X modified Bessel
functions I
multiple orthogonal
polynomials and
modified Bessel
functions K

references
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multiple Jacobi polynomials

2Pq(x) = Prye, (%) + by pPr(x) + Y a5 Pi g, (z)

Let g (z) = [[i=1(z — a;) and Q.7 (x) = [[;= (z — nj — ), then

. =) = el I @)
M Qra(=1il = B)Q 5 (nj + ay)
(nj + ay)(]78] + B)
(17| +nj + a; + B+ 1)(|A] + nj + a; + B)(|7A| + nj + o + f — 1)

gr(—|7i] = B)
Qri(=17| = B)

bij = 05 — Orive;,  Om = —(|7] + 5)

24 | 27
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multiple orthogonal polynomials and modified Bessel
functions [

/ 2F Py (2) 2?2 L,(2vx)e Cde = 0, k=0,1,...,n—1
0

/ mkPn,m(x)m(’/H)/QL/H(2\/5)6_“’” dr = 0, k=0,1,...,m—1
0

then
ZEpn(iE) — pn—i—l(x) + bnpn(aj) + Cnpn—l(aj) + dnpn—Q(aj)

with

; c(2n+rv+1))+1 . - n(24+c(n+v))
n — 2 ’ n
c

) dn:

-3
and y = p,, () satisfies

xy" + (=2cx +v+2)y" + (Cx+cn—v—2)— 1)y — c?ny = 0.

25127
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multiple orthogonal polynomials and modified Bessel
functions K
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k=0,1,...,n—1
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/ mkPn,m(x)ma+(”+1)/2Ky+1(2\/5) dr = 0, k=0,1,...,m—1
0

with « > —1 and v > 0. Let pa, () = P, () and pop11(x) = Pry1n(2)
xpn(x) — pn—i—l(x) + bnpn(x) + Cnpn—l(x) + dnpn—Q(x)
b, = n+a+1)Bn+a+2v)—(a+1)(v—1),

¢, = nn+a)n+a+rv)3n+2a+v),
dp, = nn—1)(n+a—-1)n+a)n+a+v—1)(n+a+vr)

and y = p,,(x) satisfies

22y + 220+ v+3)y +[(a+ D) (a+v+1) —2]y +ny =0.
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Chapter 23: Multiple Orthogonal Polynomials in “Classical and Quantum
Orthogonal Polynomials of one Variable” (M.E.H. Ismail), Cambridge
University Press, 2005.

A.l. Aptekarev, A. Branquinho, W. Van Assche, Multiple orthogonal
polynomials for classical weights, Trans. Amer. Math. Soc. 355 ((2003)

E. Coussement, W. Van Assche, Multiple orthogonal polynomials associated
with the modified Bessel functions of the first kind, Constr. Approx. 19 (2003)
J. Coussement, W. Van Assche, Differential equations for multiple orthogonal
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J. Phys. A: Math. Gen. 39 (2006)
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polynomials, manuscript
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