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Euler—Maclaurin expansions and generalizations

Classical Euler—Maclaurin (E—M) expansion

b—a

n

'fla+ih) =Talfl;, h=
=0

1= [ f@yde~h

In case f € C*°|a, b], there holds

Tl ~ 100+ Y B2 (12D ) - f@ D@2 (- o).
k=1 '

f'(a) # f/(b) = Tulf] — I[f] = O(R?).
FCED(a) = fE-1(), 1 <k <m—1 = Tp[f] — I[f] = O(hZ™).

If f(2k=1)(q) = fk=1)(p), k =1,2,...,then

Tolf] = I1f] = O(h**) Vp > 0.
This happens, e.g., when f € C°°(—o0,00) and is (b — a)-periodic.
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Navot's generalizations of classical E-M expansion

Incase f(z) = (z — a)%ga(z) = (b —2)g,(),

ga € C*[a,b), g, € C(a, b],

o, KRG > —1 and not necessarily integers,

there holds [Navot (1961, 1962), Lyness & Ninham (1967)]

Talf] ~ If]+ i CZa =) ) gy partht

k= O k!
I YU 6 £) 4 (pynfHE+1 (s 0).
k=0

Here, Tn[f] = h Z”f(a—l—z’h) does not include undefined f(a) and f(b).
i=0
¢(w): the Riemann Zeta function, continued to the complex plane.

With the help of

C(0)=—; ¢(-2m) =0, C(1-2m)=—"2" m=1,2,.

m
we recover the (classical) E-M expansion when o, 3 — O.



Recent generalizations of E-M expansions [S. (2004)]

Let f € C*°(a,b) and

@)

f@)~ Y es(z—a)’ (x—a), flz)~ Y ds(b—2z)% (x—b)
s=0

s=0
Ryg< Ry <+, R <Rs1 < -+

Vs, 0s 7= —1, S“_[TC}O Rvys, Nos = oo.

Assume that these asymptotic expansions can be differentiated term by
term infinitely many times. Define

_ n—1 b—a
Talfl=h ) flatin); h=—r0:
i=1
Then
Tolfl ~ I+ Y esC(=y)h™ T 4+ Y ds¢(—d5)h% 1
s=0 s=0
Vs€{2,4,...} 0s2{2,4,..}

¢(w): the Riemann Zeta function, continued to the complex plane.



If, more generally,

f(z) ~ > Ps(log(z —a))(z —a)” (z — a); Ps(y) polynomial,
s=0

F@) ~ S Qu(log(b—a))(b—2)% (z — b); Qs(y) polynomial,

s=0
then, with Dy, = d/dw,

oo oo

Tulf] ~ T+ S PoD) [C(orh ™ 1+ 3 Qu(Ds)[c(=8)n5+]]

s=0 s=0
Note: If R € 7, then

R(Dy) [g(—w)hwﬂ} = T W(logh), W € mm.

These generalizations hold also when I[f] is not defined in the regular
sense, but is defined in the sense of Hadamard finite part; i.e., for all s, d

¥s, 0s 7= —1.
(In such a case, {Tr[f]}5L is divergent.)



Asymptotic expansions for Gauss—-Legendre quadrature

1 n
1f]= | f@dwx Y waif (n) = Gulfl; Gulf] = I1f), Vf € mop_1.
1=1
x,; . abscissas, w,; weights; P,(z,;,) =0, i=1,...,n.

If f € C>°[-1,1], then
Gnlfl = I[f] =0(n™") (n — 00), Vu > 0.
If f(z) analytic in an open domain of z-plane containing [—1, 1], then
Gnlf] = I[f] =0 ") (n — o), forsome o > 0.

Poor convergence in case of endpoint singularities.
If, for example, f(z) = (1 — 2)%(x), o> —1, g€ C*°[-1,1], then

Gulf] — I[f] = O(n2%72) (n — o0).
[See Davis & Rabinowitz (1984).]



Asymptotic expansions of Verlinden (1997)

If f(z) =(1—2)%(z),Ra>—-1buta#0,1,...,and g(z) analyticin
an open set containing [—1, 1], then,

©@,

Gnlfl = I[f] ~ > ap(a)h®FF (n—00); h=(n+1/2)"°
k=1

Here, a;. () independent of n and analytic for Ra > —1.

If f(x) =109(1 —2x) (1 —x2)%(x),then
Galf) = T ~ Y Dalap(@h®™] (0 — o).
k=1

If f(x) =1log(1 — x)g(x), then [because a;,(0) =0,k =0,1,...]

Gnlf] = Ilfl ~ 3 bp(a)h* (n — o).
k=1



Recent asymptotic expansions [S. (2009)]

Let f € C*°(—1,1) and

f@)~ > A(l—2)* (z—1); f(@)~ Y Bs(l42)” (z— 1),
s=0 s=0
—1<Roag<PRa1 <+, =1<RB KRB < --+ SIi_)I’QO%as,ERﬁS:oo.

Assume that these asymptotic expansions can be differentiated term by
term infinitely many times.

Then, with h = (n 4+ 1/2)72, 2T = {0,1,2,...},

Gulfl ~IIf1+ Y As Y cplas)h®sth

s=0 k=1
as@ZT
o0 0. @)

+ Y Be Y ep(BIRFTE (n— o).
s=0 k=1
Bs@LT

c;.(w) analytic functions of w for Rw > —1. Also ¢ (w) = 0ifw € ZT.
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Note that the ¢ (w) are defined via fX(z) = (1 + z)“ and

CalfE] ~ I + 3 en(@)hHF (n— o0). (%)
k=1

[This follows from Verlinden (1997).]

To prove our result, show that, with £, [g] = Gnlg] — I[g], there holds

oo

Enlf] ~ Y AsEnlfal+ Y BsEalff] (n— o),
s=0 s=0

and then invoke (*) and re-expand.

If ag, By & Z7T, then

En[f] = O(hw), w = min{%ao + 1, RGoy + 1}
If ag, Bo € Z7T, then

En[f] = O(hw), w = min{?Ral + 1,R061 + 1}
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If, more generally,

f(x) ~ ) Us(log(l —z))(1 —x)* (x— 1), Us(y) polynomial,
s=0

F@) ~ 3 Villog(1 +2))(1 + )% (x— ~1), Vi(y) polynomial,
s=0

Gnlfl ~ IIf]+ S US(D%)[ 3 ck(ozs)has—l-k}

s=0 k=1
+ 2 VS(DBS)[ > Ck(ﬁs)hﬁs_l_k] (n — 00).
s=0 k=1

Note: If R € 7, then

R(Dy) [ck(w)hw’ﬂ = T (logh), W € 1.
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Asymptotic expansions for Legendre series coefficients

@)

@ =Y ealfIPa@), enlf] = (n+1/2) [ f@)Pala) do

n=0
feLa(-1,1) = enlfl=0(n'?) (n— o0).
feC®-1,1 = elfl=0on™") (n— o0).
f analyticon D D [-1,1] = en[fl=0("7") (n— oc); o > 0 const
feCT-1,1], r20 = enlfl=0(n"T20 ) (2/n)) (n— o0).
In case of endpoint singularities, last result not optimal. For example, if

f(z) = (1 —2)"1t”,0 < v < 1, then it gives en[f] = O(n~(rT¥)+1/2),
whereas

enl[f] ~ Kn—2(r+v)-1 exactly.
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Asymptotics in presence of endpoint singularities [S. (2009)]

Let f € C°°(—1,1) and
0. @) o0

f@)~ > As(1-2)* (z—1); f(@)~ Y Bs(l+z)” (z— -1),
s=0 s=0

—1<Rag<Ra; <--+, =1<RE<RNG <---; SIi_)FQO&Eas,%ﬁszoo.

Assume that these asymptotic expansions can be differentiated term by
term infinitely many times.

Then,within =n+1/2,and ZT = {0,1,2,...},

enlf] ~ z As z cp(as) /n2@sth)

ozS€Z+

+ (-1 Z Bszckw ) /2B k) (- o0).
5fgzzQ+ =
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_ w11t w) BY? (0/2) T (2k 4 2w + 2)
B M(—w)  (2k)! r2w+2)

analytic functions of w for Rw > —1. Also ¢ (w) = 0ifw € ZT.

cr(w) o= —2w—1,

B,g“)(u): k™" generalized Bernoulli polynomial.
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If, more generally,

f(x) ~ ) Us(log(l —z))(1 —x)* (x— 1), Us(y) polynomial,
s=0

F@) ~ 3 Villog(1 +2))(1 + )% (x— ~1), Vi(y) polynomial,
s=0

0

enlfl ~ > US(DQS)[ > Ck(OéS)/ﬁQ(Oés‘Fk)}
s=0 k=1

+ (DY Vs(Dg)| X er(Bs) /a2 (0 — o0),
s=0 k=1

Note: If R € 7, then

R(Dw) ey (w)/a2@TR) = W (loga) /a2 th) W e mp.
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Asymptotics in presence of interior and endpoint
singularities [S. (2010)]

Lettingz = cos6,n =n+ 1/2,

enlf] = a/oﬂ F(0)Pn(cos0)do: F(6) = sin6 #(cosb).

Asymptotics of P, (z), -1 <z <1

e!? .
P, (cos0) ~ { ind kzo jj/]jil/g} as n — oo, uniformly fore < 0 < 7 — e,

b (e?) = (—1) 12/2( ;/2) ei(e_ﬁ)/QB]gl/Q)((i/Q)Dg)[(1—609)_1/2]
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An intermediate result

Let f € C>®(c,d), [e,d] C (—=1,1),a =cos~1d>0,8=cos lc<m,

F(6) ~ i Us(0—ax)P* asb — at+; F(O)~ i Vs(B—0)°% asf — B—,
s=0 s=0

—1<Rpg<Rp1 <:--+, —=1<Rog<Ro1<--+; lim Rps, Ros = oo.

S— OO
Assume that these asymptotic expansions can be differentiated term by
term infinitely many times. Then

[ 1@ Pata) o ~

0 00 GH_)(O{' 0 ) . o0 é(+)(a 0 )
Ino M 1 M8 —Ino v ' MSs

o0 o0 (—) . o0 o0 A(—) .
in M (61 JS) —ﬁﬂ H (/87 O-S)
+e| ’ ZOVS ZC) ﬁ03+ﬂ‘|‘3/2 te | OvS Z() ?/?\/US+N+3/2 .
S= M= S— H=

17



P (0;w) = = 7+
> j;o T g () T (w45 + 1),
A(+) 1j+k_zu —
Gp'(0iw) =5 wtd
5 j)kzm (=) 61 (O) T(w +j 4 1),
(-) T
Gp (0, w) = = '
, —1)J (=)t
5 j%o( ) (=) Tt g (0) T (w45 + 1)
() R ,
Gp (0, w) = = J '
! - .w—l_ b1 (0)
3PN TIOLICES AR
Jt+k=p
Here

kj( ) j!dejqbk(ela)’ J,k=0,1,....
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Full asymptotic expansion for ey [f]

Let f € PC*°(—1, 1) with possible endpoint singularities at x = +1

f@)~ 3 A(1-2)% (z—1); f(z)~ Y Bs(1+a)? (z— —1),
s=0 s=0

and with interior singularities at x1 > x> > ... > xm,
S~ () @ -

F(0) ~ > Tps’|0—6;"s as@ — 0,+, r=1,....m; F(0) =sin0 f(cos¥).
s=0

O0<O <l <+ <O <, 0, = cos Lz, Vr.

Assume that these asymptotic expansions can be differentiated term by
term infinitely many times.
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Then

en[f] ~
Gji ><er 75 )’

m (+) (+)
SRTE Z Z Gp' (Or; s *) Z (-) Z
T:l{ u=0 ’I’L'%"j)—l_ +1/2 s=0 1=0 n’)/rs )+N+1/2
o A(+) (+) ~(—) (=)
i G’ (0r; vrs ) Z (=) Z G ' (Orivis )]
+e |n9r E: Tr_l_) Z T
u=0 n%gj)+ +1/2 s=0 =0 n%“s )+M+1/2

Ck(QS) n — Ck(BS)
+ Z As Z n2(as+k+1/2) +(=1) Z Bs Z 72(Bs+k+1/2)"

ang ﬁSQZ

20




Variable transformations and Gauss—Legendre quadrature

Consider I[f] = [& f(z)dz =~ X7, W/ f(a! ) = Gplf]
We recall that if f € C°°(0, 1) and

f@)~ > Aa® (z—0); f(@)~ Y Bs(1—2)” (z—1),
s=0 s=0

then, with h = (n +1/2)72, 2t ={0,1,2,...},

Ealfl = Galfl = Ilf1~ S As Y cp(as)hostF
s=0 k=1
as@ZT
+ Z Bs Z Ck(ﬁs)hﬁs_l_k (n — o0).
ozt

Thus
ag,Bo €27 =  Eplfl = 0(¥), w=min{Rag+ 1,RG0 + 1}

ag,Bo €ZT = Enlfl=0(*), w=min{Ras+1,R8; + 1}
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In case of endpoint singularities, to improve performance of G—-L quadra-
ture proceed as follows:

1. transform the variable z:
r=1(t), +:[0,1] = [0,1], + € C>(0,1),
veclo,1]; w(0)=0, ¥(1)=1; '(t)>0 forte (0,1).
. 1 I
I[f] =I[f] = /o f@de, ft) = f@)y'(t).
Choose (t) such that (9 (0) = (1) =0, i = 1,...,p, p large.

This causes f € C?[0, 1] for some large g depending on p.

2. apply G-L quadrature to I[f]:
I[f] = Galfl = 3wl f(h) = Galfl.
i=1

Because f € CY[0, 1] for some large q, G [f] is very accurate.
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Definition [S. (2009)]. 1 € Sp,q, P, g > 0, not necessarily integers, if

V() ~ Y e§0>tp+@‘ ast — O+; ego) > 0,
i=0

Y~ Y &P -0 ast—1-; P > 0.
1=0

Consequently,
o0 +i1+1
(0) t¥
t) ~ - t— 0
() £$4p+4+1 ast — O+,
o0 4141
(1)(1 —1¢)4
t) ~1 — - ast— 1 —.
() ;;ﬁ J+i+1

Example. Extended Korobov (K?:9) transformation

/tup(l —u)?du
- =I(p+1,q+1).
/O uP (1 —w)?du

[I;(a,b): regularized incomplete Beta function.]

P(t) =



F(t) ~ 2 As[p(£)]sl(t) = Z Z Uyt @sPTDFpFi (4, 0),

s=0 s=01:=0

F(t) ~ z Bs[1—9(0)]%l(t) = Z Z Vi(1—t)PslatDrati (p 1),

s=0 s=01=0
Therefore, as n — oo,

Balfl~ 3 S S O,k Dotk S5 S S p (kD daitk
s—0i=0 k=1 s—=0i=0 k=1
If [ag(p+ 1) + ], [Bo(¢+ 1)+ 4 € ZT,

Enl[fl = O(h*); w=min{(Rag+ 1)(p+ 1), RBo + 1)(¢g+ 1)}.

Recall that integer powers of ¢ and (1 — ¢) do not contribute to E,,[f], and
assume that ag and Gg are real.

Choose p, ¢ such that [ag(p + 1) + p] and [Bo(q + 1) 4+ g] are in ZT.
Then so are all [ag(p+ 1) +p + 4] and [Bo(q + 1) + g + ]. Therefore,

En[fl = O(h*); w=min{(Ray + 1)(p+1),(RB1 + 1)(¢+ 1)}
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34— A,
T , /Of<x>—w2 .

as=—-3/4+s, Bs=-1/44s, s=0,1,...

Example. f(x) =

For optimal results choose p, g such that

aolp+1)+p=k, Blg+1)+qg=1, klcZT.
Thisgivesp =4k +3, ¢= (4l+1)/3, kleZT.

For nonoptimal results choose p = 4k+3+4+0.1, ¢=(41+1)/3+0.1,
kleZt.

Belowwetake k =1=45,5=0,1,... .

Also E,[f] = O(n=P) (n — oo), where

L log ( [ En[f1] )}
l0g 2 | Eon S]]

p= n||—>moo {
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n 7 =20 17 =1 7 =2 7 =3 1 =4
212.87D—-02191D —-016.13D —-018.67D —019.63D —01
416.47D —-03|6.37D—-04|1.08D —-02]1.40D —02|7.88D — 02
811 2.10D —-03[1.20D —-0416.14D —04 | 5.30D —-04 |2.81D — 03
16 | 5.25D — 04 | 8.58D —06|5.60D — 07 9.35D — 07 |4.66D — 06
3211.26D —04 |5.00D —-07|7.28D —09 221D —-10(1.52D —11
64 | 2.99D —05|12.98D —-08|1.06D —-10|7.91D —13,9.87D — 15

Errors E,[f] obtained with n = 2™, m = 1(1)6, and with the KP4

transformation. In column j, we have chosen p = 45 + 3 + 0.1 and
q=(4j+1)/3+ 0.1. (Nonoptimal p, q.)
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mjj=0jg=1]J= ] = ] =

1{2.149|8.225| 5.826 | 5.957 | 3.611
2] 1.623|2.409| 4.136 | 4.719 | 4.809
3| 2.000 | 3.806 |10.099 | 9.146 | 9.236
4| 2.057 | 4.075| 6.265 | 12.048 | 18.229
5(2.079|4.094| 6.105 | 8.125 |10.586
co | 2.05 | 4.05 | 6.05 | 8.05 | 10.05

|Eomlf])
|E2m—|—1[f]|
as in preceding table, for m = 1(1)5.

The numbers pp.g.m = 555109 ( ) with p, g, f(z), and Ey[f]
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n 73=0 =1 g =2 3=3 ] =4
215.00D—-02|1.72D —-015.81D —-01|8.32D —019.25D — 01
411.67rD—-03|3.61D—-03|6.45D —-03|1.7rD—-02|8.16D — 02
8(581D—-05]216D —05|4.71D —-04 421D —04|3.04D — 03
16 | 251D - 06| 1.42D - 08 |5.65D - 08 |8.53D - 07 |3.71D — 06
32 11.04D — 07 | 2.03D —11|4.22D —16 | 6.70D — 14 | 4.42D — 12
64 | 4.23D —-09|3.20D -14|1.69D —30|1.40D — 21 | 4.88D — 25

Errors Ey[f] obtained with n = 2™ m = 1(1)6, and with the KP:
transformation. In column j, we have chosen p = 454+ 3 and ¢ = (45 +
1)/3. (Optimal p, q.)

Note that for j = 2, the asymptotic expansion of E,,[f] is empty.
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1]4.906| 5.577 | 6.494 | 5,558 | 3.503
214.842| 7.384 | 3.776 | 5.389 | 4.748
314.534|10.571|13.025| 8.948 | 9.675
41 4.590| 9.450 | 26.995 | 23.603|19.681
5| 4.622| 9.309 | 47.825|25.508|43.040
co | 45 93 50 182 233

_ 1 Eom[A] )\ i >
The numbers pp.g,m = 555 109 <|E2m+1[f]|> , With p, g, f(x), and Ep[f]

as in preceding table, for m = 1(1)5.
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