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Basic results

Basic results on OPUC

Let 41 be a positive Borel measure with infinite support on the unit circle
T = {e : 6 € [0, 27} with moments
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Ck szdu,kEZ,z:e’.

The Carathéodory function of

27 ef0 P
Flz) = & /0 2 o).

Definition

Let ¢, € P, deg(¢n) = n,¥n > 0. {¢pn} is said to be a sequence of orthogonal
polynomials on the unit circle with respect to p if

1 27

o 0(2)pm(z) dpp = hnbnm, z=€%, h, >0, n,m>0. (1)
T Jo

Remark: we shall take ¢, monic, i.e, ¢n(z) = z" + lower degree terms. Then, {¢pn} is
said to be the monic orthogonal polynomial sequence and it will be denoted by-MOPS.
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Basic results

Note that
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where A, is the minor of the Toeplitz matrix associated with p, defined as

o - Cn
Ay = . . ,neN Ag=cy, A_1=1.

Ch -+ Q@

The reflection parameters a, = ¢,(0), n € N, satisfy

VAVYARIE)
A2

n—1

1—lan)® = neN. (3)
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Basic results

The reversed polynomial, f*(z) = z"f(1/z), n= deg(f).

n n
f(z) = Z fozl = f*(z) = Z Fo_rz®.
k=0

k=0

Theorem (Szegd recurrence relations)

MORPS satisfy

¢n(2) = 2¢n-1(2) + andp(2), n>0 (4)

¢n = n-1(2) + 3nz¢n-1(2), n 20, (5)

an = ¢n(0), |an| <1.

Conversely,

Theorem (Favard's Theorem on the unit circle)

Given a sequence of monic polynomials {¢n}, deg(¢n) = n, satisfying (4) or (5), there
exists only one p such that {¢n}Lpu.
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Basic results

Associated polynomials of the second kind

2 @il 4 5 .
(z) = 1. le) = 5 [ G (¢nle) = n(2)) du(0), n= 1. (6)

2r el — z

Remark: {Q,} is an OPS, with Q,(0) = —¢x(0).

Matrix form for the recurrence relations

Let Y, = {d)" —

o Q } {¢n} MOPS. Then,

Yn :-Anynfly -An = |:Z 3n:| ) n2 1
anz 1
1 -1

A, are the transfer matrices.
L. Golinskii and P. Nevai, Szeg§ difference equations, transfer matrices and orthogonal polynomials on the unit
circle, Commun. Math. Phys. 223 (2001), 223-259.

™
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Basic results

Functions of the second kind

Qn(2) = g zd’n(em)du(e)v n=0,1,... (8)

1 27 ei9 +z
eif _

Theorem (Peherstorfer and Steinbauer, 1995)

Let p be a positive Borel measure, let F,, be its Carathéodory function, let {¢} be a
sequence of polynomials with deg(¢n) = n.
{¢n}Lp and Q, are the Second Kind polynomials iff

Qn(2) + F(2)¢n(2) = Qn(2)
9)
25(2) = F(2)95(2) = Q7 (2), Vn e N.

F. Peherstorfer and R. Steinbauer, Characterization of orthogonal polynomials with respect to a functional, J.
Comput. Appl. Math. 65 (1995), 339-355.
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Basic results

The Laguerre-Hahn class on the unit circle

Definition
A Carathéodory function F is Laguerre-Hahn if 3 A#0,B,C,D € P:

AF' = BF? + CF + D

{¢n}LF are said to be Laguerre-Hahn OPUC.

Particular cases:
B = 0 - Laguerre-Hahn affine class;

B =0, D specific polynomial - semi-classical class.

Remark: Laguerre-Hahn class includes linear fractional transformations of
Laguerre-Hahn Carathéodory functions.
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Basic results

Examples

Let {¢n}L F, an = ¢n(0).

Perturbation of the reflection parameters of OPUC
@ ¢X(0):=apk, KEN, neN.

KJ_FK:(QK_Q;)+(¢K+¢*K)FM. 10
tén} (@ T 95) + (o — 0)Fn (10)

F semi-classical = FX Laguerre-Hahn.

@ ¢p(0):=Xan, |A|=1, neN.

(A=) + 1+ NF
O A= Ty T oo DF, (11)

F semi-classical = F) Laguerre-Hahn.

Modifications of the measure of orthogonality

@ [i:=pu+ 7, T a Bernstein-Szegd measure, dT = m do, GeP
PF,+S
Fﬂ:”TJF, P,SeP. (12)

Then, F semi-classical = F; Laguerre-Hahn affine.
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Differential systems and discrete Lax equations

Differential systems for Laguerre-Hahn OPUC and discrete

Lax equations

The following equations are equivalent:

AF' = BF? + CF+D (13)
Adp, = (Ing — C/2)¢n + By — O, 195
AQ, = (In1 + C/2)Q2n — Dy + ©p 192 (14)

AQ,lq = (In,l = BF aF C/2)Qn aF en,lc'?;;< )

A(d3) = (In2 — C/2)p} — BQyy — ©p2¢n
AQ) = (lh2 + C/2)Q; + Doy + ©n 20 (15)
A(QE) = ©,2Qn + (lh2 + BF + C/2)QF,

where deg (., ©p,;) < max{deg(A), deg(B), deg(C), deg(D)}.
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Differential systems and discrete Lax equations

Let Y, = {i _szﬂ , On = {_QQ} . Then,

AY! =BnYn — YaC (Sylvester eq.)
AF'=BF? + CF+D & (16)
AQ! = (Bn+ (BF + C/2)1)Q,

_ [t —On1 _[¢/2 -D
Bn = —©O5,2 In,2 ] , €= [ B =€/2| °

Furthermore,

tr(Bn) = nA, neN,
n—1

det(B,) = det(B1) =AY 2, n>2.
k=1
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Differential systems and discrete Lax equations

Consequently,

Theorem

Let w be a weight on the unit circle, {¢n}Lw. The following statements are

equivalent:
!

C
(a) w is semiclassical , T , C,AeP.
w A

(b) c 6n —Qn/
AY,§:<B,,—5/>Y,,, yn:[¢g Q:"/W], (17)

where By, is the corresponding matrix associated with AF' = CF + D .

Magnus, 1995 (for OPRL); Forrester & Witte, 2006 (for OPUC).
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Differential systems and discrete Lax equations

Discrete Lax equations

lﬂAP:Bﬁ+CF+ka%:LZ €k

3,z 1} be the corresponding transfer

matrices, an = ¢n(0). Then,

AAL = BpAp — ApBp_1, n>2. (18)

Proof:
Compatibility between the recurrence relation Y, = A,Y,_1 and

ZAY! = B, Y, — YoC.

Remark: Eq. (18) produce difference equations for a, = ¢,(0).
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Deformations in L-H class

Deformations in L-H class

Problem: Given a t—dependence on A, B, C, D of
AF' = BF? 4+ CF+D,

to describe the dynamics of an(t) = ¢n(0, t).

Motivation: Deformations of regular semi-classical weights on the unit circle (Forrester
& Witte, 2006) as well as on the real line (Magnus, 1995).

W/

(= d/dz) (19)

>0

where deg(C) < deg(A), deg(A)>2, A= ﬁ(z —zj(t), zi #z, i #J.
j=1
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Theorem (A. P. Magnus, 1995)

{¢n} OPRL, ant1pnt1 = (X — Bn)pn — anpn—1, {Pn}L w, w regular semi-classical,
m
W =g A=T[e -2
B C20 o e N
Y’; = A ny Yo = Pn—1 55—1‘7W] » Bn= [*Dén@n—l (i/n (20)
0 1
Hn = = (Yn> v, (21)
Then, H, satisfies 5 5 e
¢ (Br/A) = HL+HnI" - I"Hn. (22)
Therefore,
Gn _ ©n(z) @n 1(z), 5 _x- h(3) = h(z),
Gn _1 15), =S hrlz) Zhiz) 23
an Z Al ElE ; Az #)

Remark: (22) imply equations with the Painlevé property, that is, movable singular
points can only be poles.

A.P. Magnus, Painlevé-type differential equations for the recurrence coefficients of semi-classical orthogonal

polynomials, J. Comput. Appl. Math. 57 (1995), 215-237.
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Deformations in L-H class

Theorem (P.J. Forrester an Witte, 2006)

m
{¢n}L w, w regular semi-classical, WW/ = % , A= H(z — zj(t)).

n 3 Q) /w ©n,2 2 |2
9 [0\ o
Hy = 5 (Y) v, (25)
Then, H, satisfies
o] B B
3¢ (Bn/A) = Hy + Ha I" - j” Hyp . (26)
Therefore,
él = Z ZJM (27)
w Sy A
.
Proof:
Use
. B,—C/21
Hn = Hp oo — % 2 28
=D S e (T (28)
j=1
in (26).
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Deformations in L-H class

Let F : AF' = BF? 4+ CF + D, where A, B, C, D depend on t, and
simvi-ve, =l #]m=(b Be-[E )
Let L (nonsingular) be such that
AL ' =CL. (29)
Then, H, defined by
Ho= Yo Yt + Yn%Y,;l , (30)
with AL = EL, satisfy
%(Bn/A):Hﬁ,ﬁ-HH%—%Hn. (31)
Furthermore,
n = oo = Aabo s Ao= [, 7). (32)
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Deformations in L-H class

F )
Let F = M , aj, Bi € P, where F is semi-classical, associated with a weight W,
az + BoF
let - ~
/ ¢n _Qn/ﬁ/ :| 7 ~
Y,=|% o, 1w. 33
=% ae ] e 9
Then, .
H,=H,+pl, neN, (34)
where 5
o0 (o o 15 (W)
ana(yn)yn 7975 = )

and | is the identity matrix. Thus, the transfer matrices corresponding to F satisfy

An = HoAn — AnHp_y . (35)
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Deformations in L-H class

Example: the sum of the Jacobi measure and the Lebesgue

measure on the unit circle

Let do
du = do + — 36
n=wo,pdd+ o (36)
where
wo 8(2) = to‘z_o‘_ﬁ(z+ 1)2ﬁ1(z+1/t)20‘ (37)

B=p1+iB2,B1, B2, 0, ER, 28 > —1,200 > —1,t = &l

/
. g . . . . w, .
Wq,3 is real and positive on T and it is semi-classical, @B — L \ith
B Wa,B A’

Az) = 2(z +1)(z +1/t), C(2)=(a+B)2" + (o~ [+

B;a a8 (3g)

z—

) t
Remarks:

1. The Carathéodory function of y is Laguerre-Hahn affine, non semi-classical.

2. The Toeplitz matrix of u satisfies T =/ + Tw,, 5, where Ty, ; is the Toeplitz
matrix of w, g and /I is the identity matrix.
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Deformations in L-H class

Differential system for {Y,} L
Let {¢n(2) = 2"+ Thz" 1 4+ ...+ vz + an} L p, let F be its Carathéodory function.

Then,
=CF+D;. (39)
Thus,
’_ _ _|¢/2 -D In1 —O51
AY) = B,Y, Y,,C,C—{O —cjo| B =6, | (40)
a4+ 2n+a+
haD) = (0 “E D)t gy TEOED (a1)
oc+ﬁ 2 _a+p
I - n , 42
2(2) : z°+&p2z n (42)
@n,1(z):fa,,+1(n+1+a+3)z+ﬁ(n+a+ﬂ), (43)
@na(z) = —an(n+a+ B2 + "t“(n+1+a+5)z (44)
2n+ o — 2 B—a —
En1 = —Tn+ +2 ’8+ "+2t —a3napt1(n+1+a+p0),
fn,zzi(nfl+a+§)+2"+a7ﬁ+2n+ﬂ7u (n+a+ﬁ)fn+ Mt 1+a+tp).
an 2 2t 3t

Maria das Neves Rebocho, A. Branquinho LAGUERRE-HAHN OPUC



Deformations in L-H class

Difference equations for a,

Let {¢n(z) = 2" + mz" V4 vz 4 an}t L p.
Then,

ant13n(n+ 1+ a+ B)t = anani1(n + 14 a + )
+anan_1(n—1+a+B)t—a,13.(n—14+a+03), (45)

Furthermore,

n+a—-03 n+pf—-a

Tn = 5 + ot —anapti(n+1+a +E)
_ n+l4+a+8 _n—1+a+8 api(n+l+a+p)
+ andnl—————— — an—132n +
2t 2t 2ap
_1(n—1
42 1(n +a+6)7 (46)
2tan
7a?n+1+o¢+ﬁ_a n+a—p
T ATt a+ 8 "h—1ta+g
n—oa+ _ n+l4a+ n+l4+a+8
— antiﬁ + af,a,,ﬂil3 — apt1 75 . (47)
n—1+a+p n—14+a+p n—1+a+p
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Deformations in L-H class

Derivatives of an(t)

Let us denote the reflection parameters of the Jacobi weight w, 5 by 3,, n > 1. The
reflection parameters of ¢, L u satisfy

:;n:t%(5n(n+a+ﬁ)+5n,1(nf1+a+5)),nzz (48)

Proof: Note that F = F, g + 1, where F, 3 is the Carathéodory function of w, 3.

~ O [~ -1
Then, taking into account the previous Lemma, use H, = Er (Y,Sa’ﬁ)> (Y,Sa’ﬂ)> s
with
¢(04,5) —Q,(,a’ﬁ

o ﬁ /8 )/Wa‘/B b ¢£1a7[3)
() Q%Y fwy

S‘,rSaﬁ) — |: LWoz,ﬁ:

An = FIn-An - .Ani"lnfl .
Then use the expansion of H, in terms of the residues of %(Bn —C/21)at z =z,
where A = z(z+ 1)(z + %)

3

o= Foe " s <i(l§” - C/2/)> ez

=1
with I’:I,,)oo = [50 8}
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Deformations in L-H class
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