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Introduction
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Objective

Analyze the asymptotic behaviour of the Appell's functions for
large values of x and/or y.

Appell's function Asymptotic expansions Paper
Fi(a,b, b, c;z,y) large values of = and/or y @ 2004
)
S B
Z | Faa,b,b,c,c;2,y) large values of x and y 2010
2
£ ’ ’ \
CED Fs(a,b,b',c,c’;z,y) large values of x and y
b=
X
Fi(a,b,b',c,c’;z,y) large values of one variable @&
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Objective

Analyze the asymptotic behaviour of the Appell’s functions for
large values of = and/or y.

Appell's function Asymptotic expansions

Fy(a,b,b,c,c;x large values of one variable
b b b b) b 7y

Fs(a,bb ¢, c:x large values of one variable
b b b b b 9

Fi(a,b,b',c,c';x,y) large values of z and y

UNKNOWN RESULTS
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Outline

@ Known results
@ The second Appell's function F5 for one large variable
© The third Appell's function F3 for one large variable

@ Future work (Fj for two large variables)
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Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s function F'3
The fourth Appell’s function Fy

@ Known results
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Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s functio 3
The fourth Appell’s function F_l

The first Appell’s function Fj

@ C. FERREIRA AND J. L. LOPEZ, Asymptotic expansions of the Appell
function Fy, Q. Appl. Math., 62 vol. 2 (2004), 235-257.

1
Fi(a,b,c,d;x,y) = m/o 5“_1(1—5)d_“_1(1—$$)_b(1—sy)_cd5

where R(a) >0, R(d—a) >0, z ¢ [1,00) if b> 1, and y ¢ [1,00)
ife>1

Asymptotic method for Mellin
convolution integrals
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Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s function Fi3
The fourth Appell’s function Fy

Asymptotic expansion of Fj for one large variable

For Ra > 0, R(d —a) > 0, |Arg(z)| < mand y — 1 ¢ RT U{0} if
Re>1

First Appell's function: Fi(a,b,c,d;1 — z,y)

Asymptotic expansion of F} for one large variable

n—1 B n—|RN(1-b+a)]—-1 A
k k
l+a-b¢Z sz+b+ > Shta
k=0 k=0
POt Ay R Bylog(z) — Gy
l+a—bezZ 3 Zk+a+z Shtb
k=0 k=0

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions



Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s function F'3
The fourth Appell’s function F_l

Asymptotic expansion of Fj for two large variables
For ®a > 0, R(d —a) > 0, |Arg(zz)| < 7 and |Arg(y2)| <,

First Appell’s function: Fi(a,b,c,d;1 — 22,1 —yz)

Asymptotic expansion of F} for two large variables

n—1 B n—|R(1+a—b—c)|—1 A
k k
Lta—b—c¢Z > o+ > Thta
k=0 k=0

b+c—a—1 2 n—1 7 ~,

Ay By log(z) — Cy

l+a—b—c€eZ Z zk+a+z—zk+b+c
k=0 k=0
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Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s function F'3
The fourth Appell’s function Fy

The second Appell's function F5

ﬁ E. Garcia anD J. L. Lorez, The Appell’s function F; for large
values of its variables, Q. Appl. Math., 68 vol. 4 (2010), 701-712.

1 (o9
FQ(av b7 b,,C, C/;$7y) = / e_ssa_l lFl(ba G IS)lFl(b/,C/;yS)dS
I'(a) Jo

where @ > 0 and R(z +y) < 1

Asymptotic method for Mellin
convolution integrals
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Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s function F'3
The fourth Appell’s function Fy

Asymptotic expansion of F, for two large variables

For Rx <0, Ry <0,a>0and b+ b >0, Fy(a,b, b, c,d;z,y)

Asymptotic expansion of F> for two large variables

n—1 7 m—1 2
Bi(z/y) Ar(z/y)
b+b —a¢Z 3, T > o

k=0 k=0

b+b'—a—1 ~
Aw(z/y) k(2/y) — Bi(x/y) log(—x)
b+b -aeN > Lhta Z Ty
k=0
— T Bula/y) | N Crramvo (@0/y) = Brrams-v (a/y) log(—a)
w—b—i el > hore T > Zhta
k=0 k=0
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Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s function F3
The fourth Appell’s function Fy

The third Appell’s function F3

¥ A. ERDELYI, Higher transcendental functions, Vol |, McGraw-Hill,
New York, 1953. Formula 5.11(10)

F3(a>a/7b7blac;xay Z F C)F—(i: Z; (_w)_A(l _y)_y

><F2(a-|—a'+1—c,a,a,a-|—1—b,a +1-V;1/x,1/y)

where the sum consists of four terms in which

Ist 2nd 3rd 4th

A a a b b

v ad 4 a b
p b b a a
o b a’ b a’
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Known results The first Appell’s function F;
The second Appell’s function F

The third Appell’s function F'3
The fourth Appell’s function Fy

The fourth Appell's function F}

¥ A. ERDELYI, Higher transcendental functions, Vol |, McGraw-Hill,
New York, 1953. Formula 5.11(9)

Fy(ab, c,c;sx,y)
_ L(T(b— a)
I'(d — a)T'(b)
['()T'(a —b)

L (o) tE 1-¢ 1—ajz/y,1
+F(c’—b)F(a)( C) 4(b+ C,b,C,b+ a,x/y, /y)

(=) "Fa(a,a+1—c,c,a+1—bz/y,1/y)

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions



Starting point
The second Appell’s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

@ The second Appell’s function I, for one large variable
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The second Appell’'s function F5 for one large variable

expansions of Fa
Numerical experiments

Starting point

I'(c)l'(<)
T(O)T()T(c — b)T(c — V)
1 1

1 1,b—1,b— c—b—1 c/—b'—1
1— 1 —
X / du/ Wt (1) (1=v) dv,
0 0 (1 —ux —vy)®

where ftc > Rb > 0, R > R >0, z,y € C

FQ(a7b7 b/,C, Cl;x7y) =

Objective: asymptotic expansions of
Fy(a,b,V,c,d;x,y) for large negative
values of x and fixed a,b, 0, c,c,y
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Starting point
The second Appell’s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

o After the change of variables 7 := —1/z, u — ZTu and 7 — 0T

O
INGINCAINCERII NG

1/z 1 ub—lvb’—l(l _ xu)c_b_l(l _ U)c’—b’—l
X d dv,
/0 “/o (L4 u—vy)°

Fy(a,b,t ,c,c;—1/2,y) = 20

with Re > Rb > 0, R > RV’ > 0 and y ¢ [1,+00) if R(a) > 1
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Starting point
The second Appell’'s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

b L(c)L(c)
T (BT (c — b)T(c — V)

1 oo
. /O =11 = )¢ =Y ~1gy /0 h(Fu) fo(w)du,

FQ((I, b7 b/,C, CI; _1/%7 y) =

2N

with  — 07,

and

Folw) = =gy (1+1‘#)a
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Starting point

Asymptotic method
Asymptotic expansions of F
Numerical experiments

The second Appell’'s function F5 for one large variable

Asymptotic method

@ J. L. L6PEz, Asymptotic expansions of Mellin convolution integrals,
SIAM Rev., 50 n. 2 (2008), 275-293.

/0 " hat) ()t }

Functions f(t) and h(t) are locally integrable on [0, c0) and

f(t) h(t)
n—1
t =00 ;—’; +o@E ) | Ot ?), BER
k=0
m—1
t=0" | O(t™®),a€R bt + O(t°m)
k=0
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Starting point
The second Appell’s function F5 for one large variable Asymptotic method
Asymptotic expansions of F
Numerical experiments

U :ﬁ
—v
<1+Ty)

o t = o0: )
— A —1)F(1 —vy)¥(a
folt :Ztk+1+]€a g T fno(t), Ak ::( = Kl ZeU
k=0 ’
o t=0%: f,(t) = 0@~ (17%)
O h(t)
m—1
14+b—
Ot_0+ h ZBkt +h BkZ:(k—!C)k
k=0

o t =o0: h(t) = Ot~ (1+=9)
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Starting point
The second Appell’'s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

The non-logarithmic case

ﬁ J. L. L6pEz, Asymptotic expansions of Mellin convolution integrals,
SIAM Rev., 50 n. 2 (2008), 275-293.

When b—a ¢ Z:

) n—1
/ h(@u) fo(u)du =Y AgM[h;b — a — kg o
0 k=0
m—1 . )
+ 3 BMIfj+ 17 + / Fro () o (G,
j=0 0 )

where n =m + |b — a] and M][g; z| is the Mellin transform of a
function g € Lioc(0,00): Mlg; 2] = [;° g(t)t*dt
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Starting point
The second Appell’'s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

The non-logarithmic case

When b—a ¢ Z:

where fooo Frow (W) (Fu) du = O (Gt b-al+a=by
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Starting point
Asymptotic method

The second Appell’'s function F5 for one large variable
Asymptotic expansions of F
Numerical experiments

The non-logarithmic case

When b—a ¢ Z:

/ /. _
F2(a, b, b yC C5 x,y) F(b) rkta T F(a) ghtb
k=0 il)
where
~ (=D*a)sT(b—a—k) ' /
A = F
. 0T —a (V' =k, ¢ y),
~ (—1)b(b)k IF(a—b—k) / /
3 k' F(C_b_k)2 1( ,a acay)v

and Ry, (z) = O(z~™ 9~ l0=a) when z — —o0

X
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Starting point
The second Appell’'s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

The logarithmic case |

@ J. L. L6PEz, Asymptotic expansions of Mellin convolution integrals,
SIAM Rev., 50 n. 2 (2008), 275-293.

When b—a € N :

59 b—a—1
/ hEW) folw)du= S A;M{hsb— o — jJF+a
0 =
m—1
+ 3 & { lim [A; 45— oMh; 2 — 5] +B;M{f; 2+ j + 1] = Aj10-aB; log 55}

=0
+ /0 Jno(w)hm(Zu)du,

V.
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Starting point
The second Appell’'s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

The logarithmic case |

When b—a € N:

= NS D=t —a—g) 0y
[ =3 4T
m—1 b @ L h—a)
” (1= wyy o), TOT(e=b) . . .
e { Gro—all  Tare_b—jrdte-atl)

(o) ~ ~ ~
where [ fn.o(W)hp (Zu)du = O(Z™ log T)



Starting point

Asymptotic method
Asymptotic expansions of F
Numerical experiments

The second Appell’'s function F5 for one large variable

The logarithmic case |

When b—a €N :

b—a—1 ¢ m—1
ING) A I'(c) [C —l—B log(—x)]
/ /. _ J
Fya, bV, c,c;z,y) = ;0 2+ o) 2 g + Ry ()

5. (DIt ),
AG+b—a)T(c—b—j)

2F1(b/7a —b _ja C/;y),

cw—&{wu+b—w+n+¢u+n—wu+w—w@—b—ﬂ

1 d }
z=j+b—a

/
2F1(b a—>b—jc; y)d
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Starting point
The second Appell’'s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

The logarithmic case I

When a —b €N

I(c) i B, | T(c) = [C; + Bjlog(—a)]

/ [/ _
Ba(a,b b0 c5oy) = 5y 2 2 T T 2 e+ En(@)
7=0 j=0
. -1 Jj+2a—b a).; _
B] = ( ) ( )] QFl(b/,_j,C/;y),

HG+a=0bT(c—a-—j)

G ::Bj{ W14 5 +a— ) + (14 5) —wlat ) — (e —a— )

1 d }
a=j

aNi /
- : —2 By (V, —2,csy)
/.
2F1(b,’ -1, C; y) dz
and R,,(z) = O(z7™ ®log(—x)) when x — —o0.




Starting point
The second Appell’s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

The non-logarithmic case: b —a ¢ Z

a=1/2,b=b =1, c=c =15,y=05

m z=-—10 z = —100 z = —1000
1 0.004246 0.000123 3.7e—6

2 0.000180 5.3e—7 1.6e—9

3 9.6e—6 2.8e—9 8.8e—13

a=5b=b=05c=c =1, y=-0.75+1i

n z=-—10 z = —100 z = —1000
1 0.009286 0.000879 0.000087
2 0.000620 5.1e—6 5.0e—8

3 0.000116 1.0e—7 9.6e—11
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Starting point
The second Appell’s function F5 for one large variable Asymptotic method

Asymptotic expansions of F
Numerical experiments

The logarithmic case I: b —a € N

a=1,b=b=2,c=c =25, 9y=05

n rz=—-10 = —100 x = —1000
1 0.003193 0.000051 7.2e—7

2 0.000142 2.3e—7 3.3e—10

3 7.5e—6 1.2e—9 1.9e—13

a=05b=b=25c=c =37,y=-15

n z=—10 = —100 x = —1000
1 0.013396 0.000016 1.9e—8

2 0.000773 1.0e—7 1.3e—11

3 0.000081 6.4e—10 1l.4e—14
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Starting point
Asymptotic method

The third Appell’s function F’3 for one large variable Asymptotic expansions of F'3
Numerical experiments

€ The third Appell’s function Fj for one large variable
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The third Appell’s function F'3 for one large variable expansions of F3
Numerical experiments

Starting point

I'(c)
INOINCOINCEE )

Lo g b=1y b =1 (1 _ 4 _ g)c—b—b'—1
/ dU/ vl -u—v) 7 dv,
(1 —ux)*(1 —vy)®

where R(c—b—b)>Rb>0, RV >0, z,y € C

FB(a’ a//7 b? b/’c; 1:7 y) =

Objective: asymptotic expansions of
Fs(a,a’, bV, c;x,y) for large negative
values of y and fixed a,ad’,b,V, c,
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

o After the change of variables § := —1/y, u — gu and § — 07

T
(1—=2z)oT(D)(c—0)

1/y 1—7 b—1
X / A=y yqﬁ) L B (d Y e — b; —u)du,
0 (1 + Tyu)

Fs(a,a' b,V c;x,—1/y) =

with R(c—b—0b) > Rb >0, RV’ > 0 and z ¢ [1,00) if R(a) > 1
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

~cfb
Fy(a.d bV, c . 1/~)—( )GF( / o () f () du

with 7 — 07,

(1-— u)b_1

hy(u) = MX[O,I) (u)

and
flu) = uc*b*12F1(a’, b,c—b;—u)
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Replace o Fy [Abramowitz, 5.3.7+15.1.1] and, for R(c—b—a') > 0
and ' # V', we have f(u) = Cy fi(u) + Cafa(u):

/ he(Gu) du—cl/ () f1 (u du+02/ () fo () du

fiw) = w1 P (1 —c+b+d, 1= +d;—1/u)

fo(u) =uc VR (W 1 —c+ b+, 1—d +V;—1/u)
and

Tle=b)Tl —d) T(ec=b)I'(d =)

T (c—b—a) > T(d)(c—b—10)

Ch =
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

@ Functions f1(u), fa(u), hy(u) are locally integrable on [0, c0)
@ (1), fa(t)
A

o t=o00 fi(t) = Z Aot + f1,(1),
k=0
Al .— (EDM@)e(—ctbra)),
= RA—b/Fa )

n—1

n—1 2

A
o t = ox: fg(t) = Z —tk+1—clf|-b+b/ + f2n(t)v
k=0
42— DO —ctbib)s
k- kl(1—a’+b")

O h.(t)
m—1
o t =07 hy(t) =Y Bith + hyp (1),
k=0 A
By i= CU ((2) 0 (1= b~k 1 —a — ks 25)
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Starting point
Asymptotic method

The third Appell’s function F’3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Asymptotic expansions of [}

—c+b+d ¢Z | —c+b+d €l

—ct+b+V ¢ | I

—c+b+b el " A%
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Case |

For Rlc—b—0b)>Rb>0, RN >0, R(c—b—d')>0,d £V
and z ¢ [1,00) if R(a) > 1

When ay = —c+b+d ¢7Z and ao=—c+b+V ¢7Z:

ni—1
I(c)m — A,
F /b b — Tk
30, a0V, ¢5:9) = e T (o) siatr(@ = ) {kzzo yhte’
n2—1 79 _pm—1 531 D2
A (=D By, — Bj; }
Z + + R (y)
k+b' k+e—b
Pt 7['(b) =y
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

where for 4,7 =1,2 and j # i

A'L — F 5 _k — iy —k — i b, ,
k k!F(—k—ai+b)F(k+1+ai_aj)z 1la @ i+ —

k
N 1
B;Z@:(a)kf(c—b—i—k)(%) 2F1(1—1),—/{,1—(1—]9;:6qu )

sin(ra; ) (e — k)
F(k‘ +1-— aj) ’

and Ry, (z) = O(y~m 4~ le=b=dy " d = max{d/, 1/} when

Yy — —00.
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Case Il

For Rc—b—-0b)>Rb>0, R >0, Rc—b—a') >0,d £V
and z ¢ [1,00) if R(a) > 1

When ay =—c+b+d €Z  and as =—c+b+V ¢ 7Z:

L'(c)w
(1 — )T (a")T(V) sin(m(a’ — b))
c—b—a'—-1 no—1 m—1 5
DR SIS
X{ DD D Dl = > e (T Bn)

k=0

F3(a7 aI7 b7 bl; G, y) =

k=0

and Ry, (z) = O(y~m'~Le=0=V]) when y — —o0.
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Starting point
Asymptotic method

The third Appell’s function F'3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Case Il

For Rc—b—-0b)>Rb>0, R >0, Rc—b—a') >0,d £V
and z ¢ [1,00) if R(a) > 1

When ay = —c+b+d ¢7Z and ag=—c+b+0 €7 :

L(c)w
(1 —2x)el'(a")T'(V)sin(w(a’ — b))
ni—1 72 c—b—b'—1 79 _pm—1 57
Ay A (=D° By
S AT A G

k=0

F3(a”al7 ba bl: G, y) =

k=0

and Ry, (z) = O(y~™ %~ le=b=0'l) when y — —o0.
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Starting point
Asymptotic method

The third Appell’s function F’3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Case I —c+b+d,—c+b+V & 7Z

a=0754d=120=10=03,c=252=0.1

m y=—10 y = —50 y = —100

1 0.00569 2.9e-4 8.2e-5
2 9.6-5 l.e-6 1.4e-7
3 5.e-6 1l.e-8 7.6e-10

a=254a=020b=151V=03,c=35z=0.75+1

m y=-—10 y = —100 y = —1000

1 0.001629 1.8e-5 1.9e-7
2 0.00012 1.4e-7 1.45e-10
3 1leb 1.2e-9 1.2e-13
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Starting point
Asymptotic method

The third Appell’s function F’3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Case ll: —c+b+d €Z ,—c+b+V ¢ Z

a=12,d=3,b=1,=14,c=5z=-15

m y=—10 y = —50 y = —100

1 0.00422 2.2e-5 2.5e-6
2 0.00039 4 5e-7 2.9e-8
3 2.8e-5 7.3e-9 2.4e-9

a=07-2i,a =1,b=12,b=14+4i,c=42,2z=-05

m y=-—10 y = —>50 y = —100
1 0.0023 4.4e-5 8.6e-6

2 0.0001 3.7e-7 3.6e-8

3 b5.6e-6 3.7e-9 1.7e-10

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions



Starting point
Asymptotic method

The third Appell’s function F’3 for one large variable Asymptotic expansions of F'3
Numerical experiments

Case lll: —c+b+d ¢Z,—c+b+V €Z~

a=23d =144,b=12b=1,¢c=4.2, x =-25

m y=-—10 y = —50 y = —100
1 0.00037 1.8e-6 2.e7

2 2eb 2.2e-8 1.2e-9

3 12e6 2.8e-10 6.e-11

a=05+2i,a =15b=1,6=2,c=5z2=05—1

m y=-—10 y = —50 y = —100
1 0.06 0.00027 2.9e-5

2 0.0043 4.e-6 2.e7

3 0.0003 5.6e-8 1.7e-9

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions
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Starting point
Future work

Starting point

T(c)T()
a)L(b)l'(c — a)l'(c" —b)

ue— 1 b 1( )c a— 1(1 )c ' —b—1
du dv v 7 7
1 _ u:L‘ c+c (1 )c+c —b— 1(1 —ur — Uy)a—l-b c—c'+1

Fy(a,b,c,d;3(1 —y),y(1 — %)) = =

where ¢ > Ra > 0, RN’ > b > 0.

Objective: asymptotic expansions of
Fy(a,b,e,d;2(1 —y),y(1 — &) for large
values of )

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions
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o After the change of variables z := —1/% and u — zu

RO
L'(a)I'(O)I(c —a)l'(¢ —b)
1/x uo1 b—l(l xu)c—a—l(l _ U)c/—b—l
/ du/ dv (+u

c+c —a— 1(1_,Uy)c+c’—b 1(1_|_u_vy)a+b c—c'+1

a

F4(a/7 b? c, CI7‘%(1 - y)7y(1 - '%)) =

with e > Ra > 0, R’ > Nb >0

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions
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Future work

Fy(a,b,c,d;2(1 —y),y(1 — 1)) =

bl( c—bl
/0 (1—vyc+c' = 1dv/ h(zu) fy(u)d

with
h(u) = (1- U)C_a_1X[0,1)(U)

and )
u%~

(1 + u)chc’fafl(l +u— ,Uy)aerfcfc’Jrl

fo(u) =

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions
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