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The function V

We consider the following function:

Vioula, B, 2) = /OOO e_Zt(t + a)¥(t + B) dt,

where 8 > a > 0 and Rz > 0.

The function V is introduced in Lopez, Pérez Sinusia and Temme (2006)
and Lopez and Pérez Sinusia (2007) as a first order approximation to the
following singular perturbation problem:

—eAU+U, =0

where (z,y,2) € R x R x (0, >), € is a small parameter and we have the
condition

1 (ZU,y) = (_17 1) X (_17 1)

0 otherwise

Uz, y,0) = {



A singular perturbation problem

A first order approximation to the solution can be given in terms of
functions of the form

o0 e—)\r2
F(ui,v,)\):/ 4 r, i =1,2,
0

d
\/ 12+ u?(r? + v?)

__ W __ &2 _ Jaae
U’l_\/ma U’2_\/m7 U = €2+T}27

and £ = £1 + z, n = 1 + y. Additionally,

where

Ve P+
B 422 €

A

The functions F'(u;, v, \) can be written in terms of the V' function, namely

1
F(u;,v,\) = §V_; o (ug v 1),
2’

7



A singular perturbation problem

It is of interest to analyse the behaviour of the solution U(x, y, z) near the
boundary and corners of the unit square, where boundary layers appear
for small values of ¢ (i.e. large values of )).

e If z or y (but not both) are close to +1, then £ or n (and then w;) are
small, and the integrand in

00 ,re—)\TQ
F(u,v, A :/ dr
( ) 0 V72 +ul(r? + v?)

has a saddle point » = 0 coalescing with two poles r = +iv or with
two algebraic singularities » = +iu. The complementary error
function can be used to describe these cases.

e Near the corners of |[—1, 1] x [—1, 1] the saddle point coalesces with
two poles and two algebraic singularities, and further analysis is
needed.



Some particular cases

e Kummer U function, when a =0 or 3 = 0:

Vu(0,8,2) = BFHI0(w + 1)U(v + 1, u+v +2,82), Rev> —1,

e Incomplete Gamma function, when ;= 0 or v = 0:
Viola, B,2) = T U1, v+ 2,a2) = 27" e®T(v + 1, az),
or when a = £:

Vioula,a,2) = o UL v+ p+1,0z2) = 27 # 7V e T (v+p+1, az).

e Complementary error function:

Vi 4(0,1,2) = mweferfcy/z, V,_1(0,1,2) = \/fezerfc\/z.
27 ’ 9 z



Some related integrals

e Generalized Goodwin-Staton integral:

0@ t,ue—t2
I(p,z) = / ; dt, 0 <arg z <, Reu > —1.
0 + z

e The integral

© (u+t)G(t)e "
H(u,v):/ (u+8)°G) dt, |argul|,|argov|<m, —-1<r<1,
0 v+

considered in Ciarkowski (1989). Here G(t) is regular in a
neighborhood of the positive real axis.

e A more general case

0 ¢ng-ot™
/ @ )\)kdt, Rex >0, m,keN, XcC\(RTU{0}), n=0,1,...
0 _

studied by Lopez and Pagola (2011).



Some properties of the function V

Recall that N
Viulanfiz) = [ et +a)(t+ 5,
0

where g > a > 0 and Rz > 0. Observe first that
Vu,u(oz,ﬁ, z) = VM,V(Bv , z),
SO one can restrict the analysis to the case 5 > «. Similarly,
Voula, B,2) = 277V, (az, B2, 1).
For the evaluation of the V' function, we can use the following ideas:

e Power series expansions for small values of z.

e Asymptotic and modified asymptotic expansions for large values of z.



Power series expansions

We observe that we can write
0. @)
Vv,u(aa 57 Z) = &~ / G_Ztty(t + 6 — CV)'LL dt,
-
so If we define

Gy ula, B,2) = / e(o‘_t)zty(t + B — a)f dt,
0

then we have

Gu,u(@a B, Z) + Vy,u(@a Ba Z)
= (B — ) T+ 1)U+ 1,v+ p+2,(8 — a)2).



Power series expansions

Expanding the exponential function we obtain

k

Gup(a, B,2) = (B —a)’ 1y 7 _k,a)z] dr(v, 11, 7)
k=0 '

where v = (8 — a)/a.

Here
y
Ok (Vs 1, ) =/ (y — t)Ft¥ (t 4+ 1) dt, k=0,1,2,...
0

which can be identified as a Gauss hypergeometric function:

L(k+ 1)(v + 1)
_ v+k+1 F .

fork=0,1,2,....




Power series expansions

Therefore

GVaM(&v 67 Z) — (6 o Oé)V—I—/H—l,.yI/—FlF(V T 1) Z dka(/'La v, f}/)a

k=0
where d;, = (a2)* and
1 —u, v+ 1
H — F ’ - E=0,1,2,... .
k(/’baVafY) F(V+k+2)2 1(V—|—]€—|—2, ’Y)a y Ly &y
If we write
00 K-1
deHk(VnuafY) — Z dka(VnuafY) - RK; (1)
k=0 k=0

then the remainder can be estimated using the integral representation of
the H; functions:
(@2)®

Ry ~ .
T T+ K+2)




Power series expansions

The functions H;. satisfy a three-term recurrence relation for increasing k:
Hypi1 + 0 Hy + apHp—1 = 0,

see DLMF 15.5.18, and H;. is the minimal solution, so the continued

fraction
Hy, —ap —Qkg41 —Qk42

Hp 1 bg+ brp1+ bprot
converges (Pincherle).

Therefore, we write the sum in Horner form

K
di Hy do H drg  Hg
dpHy =doHo 1+ —— 14+ = ...+ (1
kZ:O it 0 0( +d0H0( +d1H1( +( +dK—1HK—1)>>>7

and we use the continued fraction expansion for the ratio Hx /Hx 1, plus
backward evaluation. Note that di/di_1 = «az.



Power series expansions
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Figure 1: Absolute error in V_; 5 _;(«, 8, 2) function using power series.
Black dots indicate values for which |e| < 107! (left), and points for which
le| > 1071 (right). Here z = 0.87, and the maximum error is 2.7 x 1077,



Power series expansions
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Figure 2: Same as in the previous figure but with z = 4.31
error in this example is 2.82 x 1017,
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Power series expansions

Results get considerably worse when « and z grow. Large « will produce
cancellations when subtracting

VV,N(Oéa 57 Z) — (6 R &)V+M+1GQZF(V + l)U(V + 17 vVt pt 27 (6 R &)Z)
— Gy ula, B, 2).

Similarly, large values of z will be harmful, since

(2)

o BH
Voula, B, 2) ~ o Z — 00,

using Watson’s lemma, whereas both terms on the right hand side of (2)
are exponentially large when z is large.

On the other hand, for small values of the parameters the results are very
satisfactory.



Asymptotic expansions for large

One can derive asymptotic expansions of the function V,, (¢, 3, z) for
large z using Watson’s lemma. For o and S bounded away from 0, expand

(t+a)"(t+ B =a’B" ) cxt”,
k=0

and integration term by term gives

VV,M(O‘vﬁﬂ Z) ~a” " ch ~k+17 z = 00,
k=0

which is valid when | arg z| < 37 /2. The first coefficients are

po+vf 20fvp + @’ p(p — 1) + B2v(v — 1)
- ) €2 = 232 )
af 200

Co — 1, C1

but their computation soon becomes a bit cumbersome.



Modified asymptotic expansions

An alternative expansion follows from the ideas in D. and Temme (2008),
see also Gil, Segura and Temme (2007):

woor= () wore ()

(20 ()

If we substitute this into the integral representation of V, ,(c, 5, 2), we get

where

Viula, B, z) = o gHT deq)k,
k=0

where
O, =kWU(k+ 1, v+ pu+2,562)

are confluent hypergeometric functions.



Modified asymptotic expansions

Some properties of the previous expansion:
e Itis convergentif 0 < 8 < 2a.

e The U—functions in these series can be computed by using a
backward recursion scheme:

K
dlq)l d2®2 dK q)K
d@ :d@ ]_ ]_ e o o ].
kzzokk 00(+do<1>o(+d1<1>1< +<+dK—1¢K—1>>>>’

plus continued fractions for the ratios. More precisely, we evaluate
rxg = Px/Pr_1 and then we update it:

- . j=K-1,K-2,...1.
Bk + Tk+1

T'k

The coefficients o and [y, are those of the (1,0) recursion for
U-functions. Then we only need to compute & =U(1,v+ u+ 2, 5z).



Modified asymptotic expansions
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Figure 3: Absolute error in V_; 5 _;(«, 3, 2) using modified asymptotic se-
ries. Black dots indicate values for which |e| < 1074 (left), and |e| > 1014
(right). Here z = 10.45. The maximum error in this example is 1.78 x 10~ 4.



Modified asymptotic expansions
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Figure 4: Same as in the previous figure but with z = 0.45. The maximum
error in this example is 1.05 x 10~!3, for values of 3 very close to O.



Recurrence relations for general v and u

Integration by parts gives
uVoi1 -1+ (B—a)z+v— N]VV,M —vVi1 1 = o’ BH (B — a).

In general, if we set

V=a-+en, U = C+ €N,
with €; = 0, £1 (not both equal to 0), then the function

Un(2) = Va+e1n,c+ezn(aa B, z)
satisfies an inhomogeneous three term recurrence relation:

Un+1(2) + bpvp(2) + anvn—1(2) = dy.

The solutions of the homogeneous recurrence can be written in terms of
confluent hypergeometric functions. Can we use such a recursion for
computations?



Recurrence relations for general v and u

We consider €; » = 0, £1 (not both equal to 0), and large values of n Iin

Va—|—eln,c—|—62n(@a Ba nz) — / (t - O‘)a(t + B)ce—ngb(t) dtv
0

where
d(t) = 2zt — €1 log(t + o) — ex log(t + B).

The zeros of ¢/(t) are given by

o (onrB)z—el—egi\/[(a+5)z—61—62]2—4zA
L=

22 22 ’

where A = afz — €18 — esae. When

€1 €2
Z:ZO:__i__a

a  p

then ¢, coalesces with the endpoint ¢ = 0.



Example. The (e1,e2) = (1,—1) recursion

In this case,

0+8 , \AB— )@ - a) T
2 22 '

4+ = —

If z > 0, then both roots are real and t_ < 0. The factor A vanishes at

1 1
z0=———=>0.

a f

o If z > 2y then both £, and ¢_ are negative, and asymptotics follow
from Watson’s lemma at ¢t = 0.

e When 2z < zg then ¢, Is positive and becomes relevant in the
asymptotic analysis for large n.

e When z = 2y we have ¢, coalescing with ¢t = 0, and we need the
complementary error function in the analysis, see Wong (2001).



Example. The (e1,e2) = (1,—1) recursion

It can be shown that for small z, the function

Va—|—n,c—n(aa 67 nz)

IS minimal for increasing n, namely
Va+n,c—n(aa B,nz) =0 (6_2 ' n(ﬁ—a)z) ; n — oo,

and a Miller-type algorithm should be used.

As normalization, we can use a formula like

Z (_ni)nVaJrn,c—n(@a B, Z) — (5 — &)Cz_a_leazf(a, + 1, ozz),

n=0

obtained by summation in n.



Thank you for your attention!
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