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22.17. Orthogonal Polynomials of a Discrete

Zw‘(x,-) is finite.
Yariable :

The constant factor which is

In this section some polynomials f,(z) are lsted
which are orthogonal with respect to the scalar
product

stil frec in each polynomial when only the orthogo-
nality condition is given is defined here by the
explicit representation (which corresponds to the
Rodrigues’ formula)

22.17.1

The z, are the integers in the interval a<z,<b

(f-u frn)=2’ w*(x!)fn(zf)jm(zl)-

22.17.2

where g(z, n)=p(z)g(z—1) . . .

Si@) = A0 @Gz, m)

g{z—n-+1) and

and w*(r,) is a positive function such that g(x) is a polynomial in r independent of n.
Name a b w*{x} Ta gz, n) Remarks
Chebyshev 0 N-~1 1 I/n! (1) (I"N)
n n
. ! zaN-s — nn! ..-1’-‘.-:.:.-!.— P Q>0;
Krawtchouk 0 N P (?’) (—1)rnt gy p+g=1
, -var — z!
Charlier 0 w 7 (= 1}"varn! T—n a>0
. - e T{b+2) R !
Meixner 0 3Py c T >0, 0<{e<C1
\ T{LIM e+ {d+r) __zIP(b+7)
Hahn 0 4 2+ o) T M) n (= mIrh+a—n)

For a more complete list of the properties of these polynomials see [22.5] and [22.17].
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Ch.5 Gamma Function
Properties

5.11 Asymptotic Expansions .13 Integrals

§ 5.12. Beta Function

In this section all fractional powers have their principal values, except where noted otherwise. In
(5.12.1)(5.12.4) it is assumed Ra > 0 and R b > 0.

1 Euler’s Beta Integral

1 ,- - I'(a)T'(b)
5.12.1 B(ag, b) = | 9711 -0)dt=——=.
(@ b)= [ e l1-9) Far b
/2
5122 fo sin??~! gcos®* ! 0d 6 = %B(a, b).
* ot idt
512.3 J ——— =B(a, b).
o (L+8)7°
1
ta-—l 1_t b-1
5124 J _'(""")T dt=B(a, b)(1+ z)“’z'b,
o (t+2)*°
lphz| <.
/2 1
125 f: (cos ) Lcos(bt)d t = 2—"0 - - ,
aB(i(a+b+1],§(a—b+1])
Ra>0.
dnb/2
L -1 bt €
5.12.5 J- (sint)* e’ dt=—— )
0 2 aB(—%-(a+b+1),%—(a—b+1))
Ra>0.
* cosh(2bt
5127 cosh(20%) ¢ = 4-1B(a + b, a - b),
o (cosht)“?
Ra>|Rb|.
5128 1 (™ dt _ (weg)let

) _w+it)®(z-1t)? (a+b-1)B(a, b)
R{a+b)>1,Rw>0,Rz>0.

In (5.12.8) the fractional powers have their principal values when w >0 and z > 0, and are
continued via continuity.

1 et 1
5.12.9 e t(1-6) Pdt= ,
2 Jc-oot bB(a, b)
O0<c<1,R(a+b)>0.
1 04 oy b1 sin{mh)
5.12.10 -_— -1 dte = B(a, b),
—J, -1 (a, b)
1of3 4/2/2011 3:26 PM
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Ch.5 Gamma Function

Properties
§5.12 Beta Fungtion ) §5. 14 Multidimensional Inteqrais

?5.13. Integrals

In (5.13.1) the integration path is a straight line parallel to the imaginary axis.

1 +f oo r b1z®
5.13.1 L s+ )T (b - )z d s = (a+ )zb'
2wl Je-deo (1+Z)a+
R(a+b)>0,-Ra<c<Rb,|phz| <.
1 r(2
5.13.2 __f IMla+18)>e® M de= ( a)z ’
21 J o (2sin b)2

a>0,0<b<m

1 Barnes’ Beta Integral
T'(a +c)l(a+d)I'(b+c)T'(b +d)
F(@a+b+c+d)
Ra, Rb, Re, Rd > 0.

5133 5}1; f:l“[a +iOCb+EM(c-f)F(d-Tt)dt =

7 Ramanujan’s Beta Integral
5134 J’°° dt _ T{a+b+c+d-3)
T ) T@+ b+l (c~T(d-t) Tl@a+c-1Nl(a+d-1)T(b+c-1T(b+d-1Y
R{a+b+c+d) >3,

1 de Branges~-Wilson Beta Integral
(T M@ tar@-18 o Thgss T+ a)
4 r2zer(-2it) - I'(ay, +az +az +ay)’
Rag) > 0,k=1,2 3, 4.

5135

-0

For compendia of integrals of gamma functions see Apelblat (1983, pp. 124-127 and 129-130),
Erdélyi et al. (1954a, b), Gradshteyn and Ryzhik (2000, pp. 644-652), Oberhettinger (1974,
pp. 191-204), Oberhettinger and Badii (1973, pp.307-316), Prudnikov et al (1986b,
pp. 57-64), Prudnikov et al. (1992a, pp. 127-130), and Prudnikov ef al. (1992b, pp. 113-123).

45 12 Beta Function  © 2010 NIST / Privacy Policy / Disclaimer / Feedback; Release date 2010-05-07.
§5.14 Multidimensional Integrals

1 of 1 4/2/201) 3:28 PM
]



§ 5.2(iii). Pochhammer’s Symbol
(@) =1,

5.24 (@), =ala+1)(@+2)(a+n-1)
(@), =T(a +n)/T(a),
525 a#0, -1, -2, ..
16.2.1 qu[al' v e, z}: 2 (@) (ap), 24
bi, by ) k=0 (b (by), kY

For the definition of hypergeometric and generalized hypergeometric functions see §16.2.

-mn+a+ff+1, -
18.20.5 Qulx;a, B, N) = 3F2( e g x; 1}
a+1, -N
n=0,1,.,N
) _ X
18.20.5 Kn(x: P, N) - ZFl( -N i P }
n=0,1 ., N
=-n, -x -
18.20.7 Ma(x; B, c) = ZFI[ ;1-¢ 1}
B
-n, =X
18.20.8 Ca(x, a} =2F0( 7 ;-a 1).

R L b 5
18208  p,(xa b @ b)= (a+a@),(a+b), 3F2( nn+2R(a+b)-1,a+1ix 1].

n! a+d,a+b
(For symmetry properties of p,(x; a, b, @, b) with respect to a, b, @, b see Andrews e al. (1999,
Corollary 3.3.4).)

24 -n, A+1
18.20.10 PA(x; ) = ( J" '"¢2F1[n2; x;l—e‘“‘”}
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Ch.18 Orthogonal Polynomials

Askey Scheme
§18.18 Sums §18.20 Hahn Class: Explicit Representations

§ 18.19. Hahn Class: Definitions

9 Hahn, Krawtchouk, Meixner, and Charlier

Tables 18.19.1 and 18.19.2 provide definitions via orthogonality and normalization (§§18.2(i),
18.2(iii)) for the Hahn polynomials @,(x; a, 8, N), Krawtchouk polynomials K,(x; p, N), Meixner
polynomials M, (x; 8, ¢}, and Charlier polynomials €, (x, a).

Table 18.19.1. Orthogonality properties for Hahn, Krawtchouk, Meixner, and Charlier OP’s:
discrete sets, weight functions, normalizations, and parameter constraints.

Pn(X) X Wy R
(@+1),(B+1)y_,
Q.(x: a, B, N) xI(N - x)! (-1)'(n+a+B+1)y, (B+1)n!
, {0, 1, .., N} | (2n+a+f+1)(a+1),(-N),N!
n=0,1, ., N a, f>-1or Ifa, B<-N,then (-1)"w, > 0 and (-1)"h, > 0.
a, f<-N
Ka(x; p, N), (N)p"(l-p)”'*, 1-p\" (N
n=0,1,.,N Ok N Ax (TJ /[n}
O<p<1
, (B)ec™ / x', _cnt
Ml fo) {0 L2k T g 0cc<t B -
Cn(x, a) {0, 1,2, ..} a*/xla>0 a "edn!

Table 18.19.2. Hahn, Krawtchouk, Meixner, and Charlier OP’s: leading coefficients.
Pa(x) kn
(n+a+p+1),
Wliw b N G@En,em,
Ka(x; p, N) p~" [/ (-N),
Ma(x; B c) (1~ /(B),
Cn(x, a) (~a)™"

1 Continuous Hahn
These polynomials are orthogonal on (-0, c0), and with Ra > 0, R b > 0 are defined as follows.

18.19.1 p,(x} = p,(x; a, b, @ b),
18.19.2 w(z;a, b, @ b)=T(a+iz)[(b+iz)T(@-fz)(b-1iz),

lof2 4/2/2011 3:33 PM
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18.19.3 W(X) = W(X: a, b, a, E) = 'r(a +lx)r‘(b + fx]lz’
18.19.4 _ 2nT(n +a+@)T(n+b+b)|l(n +a +b)?
"T(@n+2R(a+b)-OT{n+2R(@+b) - Ln!’
18.19.5 K, = (n+2R (al+b) ~Dn
n:

1 Meixner—Pollaczek

These polynomials are orthogonal on (~o0, ), and are defined as follows.

18196 Pa() = P (x; ),
18.19.7 w(ﬂ)(z: @) =T@A+iz)T(A-1iz) G[M-”)Z,
18.19.8 w(x) = w(ﬂ](x; $) = IT(A+ 5X)]2 e(2¢-rr)x'
A>0,0<¢<m,
_2aT(n +2)
n - '—21|'
18.19.9 (ZSanb] n:
(2sin¢)”
Ky = St
n!
" §18.18 Sums © 2010 NIST/ Privacy Policy / Disclaimer / Fedback. Release date 2010-05-07.
§18.20 Hahn Class: Explicit Representations

20f2 4/2/2011 3.33 PM
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Ch.34 3i, 6, 9j Symbols

Properties
§34.1 Speciai Notation o §34.3 Basic Properties: 3} Symbol

s  § 34.2. Definition: 3j Symbol

The quantities j;, j». f5 in the 3j symbol are called angular momenta. Either all of them are nonnegative integers,
or one is a nonnegative integer and the other two are half-odd positive integers. They must form the sides of a

triangle (possibly degenerate). They therefore satisfy the triangle conditions

34.2.1 ljr = Jol < Je < Jo * Jo

where r, s, t is any permutation of 1, 2, 3. The corresponding projective quantum numbers my, my, ms are given

by
3422 me=-f,~j.+1, .. j -1, j.
r=1,2,3,
and satisfy
3423 my+my+my=0,

See Figure 34.2.1 for a schematic representation.

Ha

",

"J’

Figure 34.2.1. Angular momenta j, and projective quantum numbers m,, r = 1, 2, 3. Q

If either of the conditions {34.2.1) or (34.2.3) is not satisfied, then the 3j symbol is zero. When both conditions are
satisfied the 3j symbol can be expressed as the finite sum

(h . J =t l)h hmag Uy d2da)(Uy + mi)iUy ~ ma)! (U, + m2)!( - m2)!(ja + ms)!(Us - m3)!)%
3424 \IM Nz M3

{(-1)°
x .
E:S!Ul"'fz"j3‘5)!(j1'ml‘s)!(jz*‘mZ‘SJ!Ua"jz*'ml+5)!U3‘f1“m2"‘5]
where
Ur* Ja = J3)!Us = o * o)l + Jo + Ja)!2
h - -t Rt th -}2
3425 A =2 =1 o2 .
G = Us*Jo*Ja * 1)

and the summation is over all nonnegative integers s such that the arguments in the factorials are nonnegative.

1of2 4/2/2011 3:44 PM
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Equivalently,
ho J2 T (~1)2-m1ema Ur+ o+ ma)l(y + j3 - mﬂ!( (y + m (s — m3)! Jz
3428 \m m; my A(J1J2j)Un + 2 + 5 + 1) AUy - mI(jy + me)t(Jy — m)i(Us + ms)!

%3P (-jy=Ja—Ja-Li-ji+m, —jz—ma;—~jy - jo-m3, —fo - jz+m; 1},
where 4 F, is defined as in §16.2.

For alternative expressions for the 3j symbol, written either as a finite sum or as other terminating generalized
hypergeometric series ;F, of unit argument, see Varshalovich er al. (1988, §§8.21, 8.24-8.26).

"'§34.1 Special Notation  © 2010 NIST / Privacy Policy / Disclaimer / Feedback; Release date 2010-05-07.  §34.3 Basic Properties. 3 Symbol

4/2/2011 3:44 PM
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Ch.5 Gamma Function

Properties
§5.12 Beta Function ] §5.14 Multidimensional Integrals

§ 5.13. Integrals - —

In (5.13.1) the integration path is a straight line paralle] to the imaginary axis.

1 c+ioo r a
5.13.1 —f I(s+a)l(b-s)zds= (a+b)z '
2 /et (1+z)a+b
R@+b)>0,-Ra<c<Rb,|phz| <m
* (2
5.13.2 if IF(a+ 1) e qp = ¢ 032 '
2mJ - (2sinb)%

a>0,0<b<m.

¥ Barnes’ Beta Integral
I'{a+c)T(a+d)l'(b+c)T(b+d)
Tla+b+c+d) ’
Ra, Rb, Re, Rd > 0.

1 00
5.13.3 EEI M(a+ i) (b+ i) (c-1)(d-Ft)dt =

9 Ramanujan’s Beta Integral
513 Jm dt _ Ma+b+c+d-3)
@+ O+ (c-t)T(d-t) Tla+c-1)(a+d-1Db+c-YIb+d-1)
R{a+b+c+d)>3.

1 de Branges~Wilson Beta Integral
1 (7 Ty Mlaw + 18)T(ay - £t) gy - Misserse Ca + ax)
4m F(2i6)M(-24¢) " Ilay +ay+ a3 +as)
R(ak) >0,k=1,2,3 4

5.13.5

-0

For compendia of integrals of gamma functions see Apelblat (1983, pp. 124-127 and 129-130),
Erdélyi et al. (1954a, b), Gradshteyn and Ryzhik (2000, pp. 644—652), Oberhettinger (1974,
pp. 191-204), Oberhettinger and Badii (1973, pp. 307-316), Prudnikov et al. (1986b,
pp. 57—64), Prudnikov ef al. (1992a, pp. 127-130), and Prudnikov et al. (1992b, pp. 113-123).

85,12 Beta Function ~ ©2010 NIST/ Privacy Pokicy / Disclaimer / Feedback; Release date 2010-05-07.
§5. 14 Multidimensional inteqrals

4/2/2011 3:28 PM

[3

1 of |



DL 24.4 Lenimuon: 0303 »>ymool Rup:/7AIMLMS gov/ 54,4

1of2

Ch.34 3j, 6}, 9] Symbols
Properties

§34.3 Basic Properties: 3 Symbol

§ 34.4. Definition: 6j Symbol B

The 6j symbol is defined by the following double sum of products of 3j symbols:

P i , . o ' i i, L ! ! i, k! !
oy {h J2 13}= 5 (_1),1+m1+,2+m2+,3+m3(11 J2 JsJ ) R
W L K mem, mg mp mzimg my, -mgfl-my mp mgimy -m

where the summation is taken over all admissible values of the m’s and m"’s for each of the four 3j
symbols; compare (34.2.2) and (34.2.3).

Except in degenerate cases the combination of the triangle inequalities for the four 3j symbols in
(34.4.1) is equivalent to the existence of a tetrahedron (possibly degenerate) with edges of lengths
Jir Jar J3: hy 12, 135 see Figure 34.4.1.

Figure 34.4.1. Tetrahedron corresponding to 6j symbol. q

The 6j symbol can be expressed as the finite sum

i 2 Js -y (-1)°(s + 1)!
h b Bl SG-ji-ja-jis-ji-h~-BMs-li-j-B)(s-h-I-j)
34.42
1

it thth-0p* stk +ls-)Us +js + s+ -5)

where the summation is over all nonnegative integers s such that the arguments in the factorials are
nonnegative.

Equivalently,

4/2/2011 3:45 PM
14
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{fl J2 fa} Ly iaths

h kL1 A L L L

P B Usjpjs)A Uph3)Uy = Jp + i+ )N (=Jp * Ja + 12 + )Yy + g + by + 13 + 1)1
34.4.3 8 (ik)A Uahl)Uy - Jo + )i + i+ B0y + o + B+ 1)!03 + h + B2 + 1)

¥ U

[‘h"’fz'fs- Ja-h-B-ji-h-hB-1,-j3-h-h-1
b3 .
4 . , . , , ,
“hth-h-hja-js-b-I-ji~j3-h-h-1
where ,F; is defined as in §16.2.

For alternative expressions for the 6j symbol, written either as a finite sum or as other terminating
generalized hypergeometric series ,F; of unit argument, see Varshalovich et al. (1988, §§9.2.1, 9.2.3).

""§34.3 Basic Properties. 3i Symbol  © 2010 NIST / Privacy Policy / Disclaimer / Feedback; Release date 2010-05-07.
§34.5 Basic Properties: 6 Symbol

4/2/2011 3:45 PM
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{jl I j3} IUsrh+jz~k) 3(h-h+js+h) 3Gy +h+j,-k)
34510 =

h bk %Uz"'I'Z‘J"::,""a) %('jl"'!l"‘ja*’:&) %01*’]1“]'2*'!2)

Equations (34.5.9) and (34.5.10) are called Regge symmetries. Additional symmetries are obtained by applying (34.5.8) to
(34.5.9) and (34.5.10). See Srinivasa Rao and Rajeswari (1993, pp. 102-103) and references given there.

§ 34.5(ii). Recursion Relations

In the following equation it is assumed that the triangle conditions are satisfied.

C g
(/1 +V(Us +J2 - 1)L + Lz - J1) - 20Jals + JLa - flLl)){h . 3}

i k&
34,511
C el i i C o1 i
= JLE(, + 1}{}1 Iz 13} N l]EUl){h )2 13}'
h h b h h h
where
34.5.12 Je = 3G + 1),
a Lo =1( +1),
1
34513 E() = (U7 - Uz — Ja) Uz + Js + 107 - jOG? - (- B))((l + 53 + 1)% - /)2

For further recursion relations see Varshalovich et al. (1988, §9.6) and Edmonds (1974, pp. 98-99).

§ 34.5(iv). Orthogonality

i Bllh R oJ
34514 T (2 + (2 + 1 27 =0
I3 1'1 12 13 Il L ’3 "

§ 34.5(v). Generating Functions
For generating functions for the 6j symbol see Biedenharn and van Dam (1963, p. 255, eq. (4.18)).

§ 34.5'(vi).'"S|'.ims'

o P N1 A 1 B T A A
34515 L1 (25+1) .l ‘ H ' }= 1]
J Ja Ja JilJe B3 ] 2 f

s . I3 . a ', ', ’ R - a, I3 ’ [, 1] I I' 3
34516 [_1]1'1+/2+f3+h+12+f1+f2{h R h} ok 1'3 =Z(_1];3.f3+;(2j+1) 13 Lo 3, i J 3 3 }}.
hoh Bjlh B L] i Jo b2 )b Rk R &

Equations (34.5.15) and (34.5.16) are the sum rules. They constitute addition theorems for the 6j symbol.

h iz v
34517 Z(Zj+1) o ={_1)2U1 i2),
I h B2}
il J
345.18 GV ER TRV S BB RSV T LA
/ h h '}
o
2{11 5 } -0,
34519 T jz j1 i

2u - jodd, p = min (i, f,),

2 0f 3 4/2/2011 3:4?0131\4
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Ch.18 Orthogonal Polynomials

Askey Scheme
__§18.24 Hahn Class: As fi roximations §18.26 Wilson Class: Continued

_§ 18.25. Wilson Class: Definitions

Contents

§18.25() Preliminaries

§18.25() Weights and Normalizations: Continuous Cases
§18.25(i) Weights and Normalizations: Discrete Cases
§18.25(v) Leading Coefficients

'§18.25(). Preliminaries

For the Wilson class OP’s p,(x) with x = A(y): if the y-orthogonality set is {0, 1, ..., N}, then the
role of the differentiation operator d / d x in the Jacobi, Laguerre, and Hermite cases is played
by the operator A, followed by division by A, (A(y)), or by the operator V, followed by division
by V, (A(¥)). Alternatively if the y-orthogonality interval is (0, ), then the role of d / d x is
played by the operator &, followed by division by &, (A(y)).

Table 18.25.1 lists the transformations of variable, orthogonality ranges, and parameter
constraints that are needed in §18.2(i) for the Wilson polynomials W, (x; a, b, ¢, 4}, continuous
dual Hahn polynomials S,(x; a, b, ¢), Racah polynomials R,(x; a, B, v, §), and dual Hahn
polynomials Rn(x; v, 8, N).

Table 18.25.1. Wilson class OP’s: transformations of variable, orthogonality ranges, and
parameter constraints.

Orthogonality

Pr(x) x = A0) range for y Constraints
R (0 b, ¢, d) > 0;
. 2 )
SH(X; a, b; C) yz (0’ OO) m(a, b, C) > O,

nonreal parameters in conjugate pairs

. a+lorf+é+lory+1=-N;

R a By, 8) yy+y+6+1) {01 ... N} for further constraints see (18.25.1)
R,(x;v,6,N) y(y+y+6+1) {0,1,..N} y,6>-1lor <-N

1 Further Constraints for Racah Polynomials

If a + 1 = - N, then the weights will be positive iff one of the following eight sets of inequalities

holds:
-6-1<p
<y+1
18.251 c-N+1
N-1<-6-1
1 of3 4/2/2011 3:35 PM
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The first four sets imply y + 6 > -2, and the last four imply y + § < -2N.

E ;iué.zs(ii). Weights and Normalizations: Continuous Cases

18.252 |  PA0OP AW X = o
1 Wilson
18.25.3 p,(x) = W,(x; a1, az, as, as),
T(a; + 1 y)|?
18.25.4 w(y?) = 1 | 1) .
2y| T(2iy)

n!2nfl;. F(n+a; +ae)

n (Zn -1+%; aj-)l“(n -1+%; aj).

18.25.5

1 Continuous Dual Hahn

18.2586 pn(x) = Sn(x: ai, az' 03)’
1 I Cla; + 1 y)|?
18257 wiy?) = o I IC 1 N°
2y| T(2iy)
18.25.8 h, =n! 2nj[<]e1‘(n +a; +apg).

§ 18.25(iii). Weights and Normalizations: Discrete Cases

N y+5+1+2y

18.25.9 p.(y(y+y+8+1p, (y(y+y+45+1))

=h .
420 yebrlry nOnm
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DLME: 18.25 Wilson Llass: beliniions bty pb bbb bian sttt — b

v Racah
18.25.10 pa(¥) = Ri(x; @, B, v, 6),
a+1=-N,
82511 @, = (@+1),(B+6+1),(y+ 1)y +6+2),
S T Cary+ 6+ 1), (-B+y+ 1), (5 + 1)y
B = (-By+6+2)y (n+a+p+1)n!(a+f-y+1),(a-8+1),(8+1),
182512 n = gy s D@+ )y (@+B+2);, @+ D,(B+6+1,00+1),
¥ Dual Hahn
18.25.13 pa(x) = Ry(x; v, 6, N),
-1 (- 1 6+1
18.25.14 Cdy:( ) ( N)y[y+ )y(}"" + ]2’
(N+y+6+2),(6+1),y!
_n!(N-n)i{y+d+ 2}y
18.25.15 "N 1,05 Dy,

§ 1825(w) Leadiﬁg Coefficients

Table 18.25.2 provides the leading coefficients k, (§18.2(ifi)) for the Wilson, continuous dual
Hahn, Racah, and dual Hahn polynomials.

Table 18.25.2. Wilson class OP’s: leadmgioefﬁcients.

Pa(X) kn
Wax;a, b, ¢, d) (-1)'(n+a+b+c+d-1),
S.(x; a, b, c) (-1)"

(n+a+f+1),
(a+1),(B+6&+1),(y+1),

Ro(x; a, B. v, 8)

1
Ra(x; v, 6, N) —
¥ + 1)a.(-MN),
© 2010 NIST / Privacy Policy / Disclaimer / Feedback; Release date 2010-05-07.
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Ch.18 Orthogonal Polynomials

Other Orthogonal Polynomials
7777777777777 518.24 Bessel Polynomials ___....§18.36 Miscollaneous Polynomials

§ 18.35. Pollaczek Polynomlals

Contents
§18.35()  Definition and Hypergeometric Representation
§18.35(G)) Orthogonality
§18.35() Other Properties

§ 18.35(i). Definition and Hypergeometric Representation
P(x; a, b) = 0,

18.35.1
PO(x;a, b) = 1,

and

18352 (n+1)PY) (v a, b) = 2((n + 1+ a)x+ )PP (x; a, b) - (n + 24~ )PP, (x; a, b),

n=01, ..
Next, let
18.35.3 70,5(6) = = s
sin @
0<@<m.
Then
A-iT f2] -n A+iT 7]
P,EA)(COSB; a b) = ( b (O)), e’ ,F, 000 ;e
n! -n-A+1+17,,(0)
18.35.4 “
i} zn: (A+17145(6)), (A-1746(6)),-, ol (1-208
/=0 4! (n-£)!

For the hypergeometric function ,F, see §§15.1, 15.2(i).

§18.35(i). Orthogonality

i
18.35.5 Ji PP a, )P a, bIwP(xs o, b)d x = 0,
n+m,
where
18.35.6 w®(cos 8; a, b) = w1221 @06 (5in )AL (A + T 1, ()%,
1of2 4/2/2011 3:38 PM
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§ 5.18. g-Gamma and Beta Functions

Contents

§5.18(i) g-Factorials
§5.18(ii) g-Gamma Function
§5.18(ii)  g-Beta Function

§5.18(i). g-Factorials

n-1
5.18.1 (@; 9), = T1 (1 - aq"),
k=0
5.18.2 nlg=1(1+q)(1+q+..+q" ") =(g:9),(1-9)7".
When |g| < 1,
5.18.3 (@ 9)e = [1 (1-ag").
k=0
See also §17.2(1).

'§ 5.'18('iiﬁj.ﬂq'-'Gér‘ﬁrﬁé ”Fu'nétion

When0 <g <1,
5.18.4 [4(2) = (@ Deall - 2) 77/ (@5 Qoo
5185 Fq(1}=Te{2) =1,
5.18.6 nly=Tg(n+1),
- q
5.18.7 Fe(z+1) = =0 Fq(2).

n=012, ..,

Also, InT'y(x) is convex for x > 0, and the analog of the Bohr-Mollerup theorem (§5.5(iv)) holds.

[f0<g<r<1,then

5.18.8 Fa(x) < T'{x),
when 0 < x < 1 or when x > 2, and

5189 Fq(x) > Tr(x},

whenl <x < 2.

ad



5.18.10 qrl_i4r§1_ ['4(2) = I'(2).

For generalized asymptotic expansions of inT4(z) as |z| — co see Olde Daalhuis (1994) and
Moak (1984).

§ 5.18(iii). g-Beta Function
Tq(a)T4(b)
Fya+b)

1 _
t? 1(tq;
B,(a, b) =J #hdq t
o (t4°; @)oo

5.18.11 By(a, b) =

5.18.12
0<g<1,Ra>0,Rb>0.

For g-integrals see §17.2(v).

""7"® 2010 NIST / Privacy Policy / Disclaimer / Feedback. Release date 3010-05.07.

§5.17 Barnes' G-Function {Double Gamma Function) §5.19 Mathermnatical Applications
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DivibD 17,10 integrals P AAGEL IS LEUY AL /. D

Ch.17 g-Hypergeometric and Related Functions

Properties
_ §17.128BgileyPairs  §17.14 Constant Term Identities _

“§ 17.13. Integrals

In this section, for the function 'y see §5.18(i1).

s T (-qx/ 6 DX/ &; oo o = (1-9)(@ 9e(ab; QoCd(-¢/ & @)oo (=4 / C; q)os
(ax /G Pubx/dq)e ¢ (@ Qewlb; Qlwlc+ D)(-bc/d; @)(~ad / ;@)

or, when0 < g < 1,

17.13.2 Jd (~qx/ ¢ Qulqx/d; g d.x= Tq(a)T4(B) cd (-¢/d; Q)o(-d /6 Qe
13, Jx= _
- (~xq%/ ¢; Q) (xqP / d; Q)co Te(a+p) c+d (-qfc/d; q)(-q%d/ C; Q)

1 Ramanujan’s Integrals
J‘m a1 (-ta%"% @) d.t= [(a)r(1 - a)l(B)

17.133 gt= ,
0 (-t 9)e T'q(1-a)lg{a+pB)
7134 J“’ w1 (CCEGTF; ), dt = F(@Te(B)-cq% @ol(-a "%/ c; Do
0 (~ct; @)oo Tela+B)(-¢ @)(-9/6 Q)

Askey (1980) conjectured extensions of the foregoing integrais that are closely related to
Macdonald (1982). These conjectures are proved independently in Habsieger (1988) and Kadell

(1988).
§17.12 Baley Pairs  © 2010 NIST/ Privacy Policy / Disclaimer / Feedback; Release date 2010-05-07.
§17.14 Constant Term Identities
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§ 18.27(vi). Stieltjes-Wigert Polynomials

2 F -
a2 q( (_x] 1 q n +1
18.27.18 Salx:q)= % = ¢ 1q, - x|,
’ <0 (@ @)e(d: Qn-e (0:0) ' 0
1
{Sometimes in the literature x is replaced by g 2x.)
The measure is not uniquely determined:
®Sa(x: ; In(g"') (9; 9)e
182719 J Sn(x Q)S:nl(x Q]d’x - n(qg”") (¢ q) -
o (=% -9x71 Q) 9" (g q),
and
® (1 2 (in x)? ) VargTin{g"7)
27. 2x; 2x; - =
18.27.20 L S,,(q X; q)&,(q x; q)exp( e d x (@ 9. )

n,m-:



§18.28(v). Continuous g-Ultraspherical Polynomials

) - (ﬂ q){(ﬁ q)n { e!(n-2¢)8
Cn 6,
(cos&: 1) ezo (@: 9)elq: 9)n-s

18.28.13
_Bas e A PP
e Q)ne 201 —1q1-n‘ “hqe '
1 1
-n 2 _n 5 16 2 19
18.28.14 Ca{cos 8; B|q) —M:@s o ql'B ¢ € ¢ i g, 9|
(9: 9),82" Bq?, -B, -Bq?
1 (" 00 | o (B89 9)e (1-B)(B% q)
18.28.15 — | C,(cos8; Blq)Cm{cos6; ﬁ|q)’-—-—-°—'l— d6-= = 2 5 s
ZNL 28,q) B @ @)oo (1-B9") (G q)y ™"

-l<f<l.

These polynomials are also called Rogers polynomials.

§18.28(vi). Continuous g-Hermite Polynomials

" (q;q), el 7", 0 -218
18.28.16 H,(cos 8|q) = =e!" cg, g e .
eosBla) = X @ e 2P e
On,
18.28.17 — f Hy(c0s 61q)Hn(cos 6]q)|(€?'%; q)..| d 6 = (qm;’"q)m



DLV, 18,28 ASKey—Wils0on Llass TR A7 R TIRAMESR. BV 1 6.50

§ 18.2.8(vii). Continuous q‘l-Herinite Po!ynomials

n 1 -n.
ho(sinhtlg) = 3 qif€*D (q .rQ]e eln-20r
£-0 (a; 9);

18.28.18 -
=e™ 1¢1[q ;9 -q e'z‘J = ™" Hq(f sinh ¢tlg™").
0

For continuous g~ !-Hermite polynomials the orthogonality measure is not unique. See Askey (1989)
and Ismail and Masson (1994) for examples.

é_{éﬂ 28(vu|) q-Racah Poiynomlals

With x = g% +y6gq”*1,

n ot -n n+1
Ri() = Ralxi @ By, 81} = 3 LV 1 @e g -

2j+1)
¢-0 (aq, ﬁGq, ¥4, G: @) j=0

q'x +ybq

18.28.19 . 1 et
" afg™ Y vég”r*
:44)3( Bq yoq ; q, q];
aq, Bc‘iq. Yq
aq, féq,oryg=q ¥;n=0,1, .., N.
N
18.26.20 Y. Ra(@™ +¥8q” YRulq™ +¥8¢” 1)y = hnn,m,

¥y=0
nm=01, ., N

For w, and h, see Koekoek and Swarttouw (1998, Eq. (3.2.2)).

§18.27 g-Hahn © 2010 NIST/ anacv Pollcv / Dlsclalmerl Feedback Release date 201 0-05-07
Class N mt atl g-ra i
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DLME: 5.14 Multidimensional Integrals hUup//AImL.mstgovio. 14

Ch.5 Gamma Function

Properties
§5.13 Integrals oo 8515 Polygamma Functione

§ 5.14. Multidimensional Integrals

Let V, be the simplex: t; + & + .. +t, £ 1, 2 0. ThenforRz, >0, k=1, 2, ... n+1,

[(z1)T(22) - T(2n)
Fl+zy+2zp+..+2,)

N . ['(z1)0(22) -+ [(Zns1)
5142 1- t) i LALTY
JV,.,( k§1 * kUl k , [(z1+2z3 + ... +2Zp41)

5.14.1 Athzmtl e g dtydt, =

t
v, 1“2

1 Selberg-type Integrals

Let
5143 Aty b2, ou ty) = n (& - &)
1sj<ksn
Then
n
f titz o tml At o GIZ T 8711 - 602 d &
[0, 13" k=1

5.14.4

_ 1 m a+(n-k) » Ila+(n-K)c)T(b+ (n- k)T (1 + kc)
- (F(i+ )" wcr1a+b+(2n -k - 1)C k-1 la+b+(2n-k-1)c)

r

provided that Ra, Rb >0, Rec> -min(l /n Ra/(n-1), Rb/(n-1)).
Secondly,

., T(a+ (n-k)T(1 +kc)
({1 +c))"

’

n m
5.14.5 f tity = tm|A (1, oo 8)* TT 67 @™ d iy = [T (a+ (0~ K)c)
[0,09)" k=1 k=1

whenRa >0, Re>-min(1/n Ra/{n-1)).

Thirdly,
1 j 2 2 [17_, T(1 + kc)
5146 [A(t1, o ta)| ¥ [T exp(-3t)d ty = ————
(2m)"2 J (-co,00) DI J1 explo7) (r(1+cn”
Re>-1/n.
1 Dyson’s Integral
1 16; 16,12 F(I + bn)
5147 1 le'%-e'®% a6, d8, = ————
(2m)" L_,,,,,lnlsmsnl | T+ b))"
Rb>-1/n.
§5.13 Integrals © 2010 NIST / Privacy Policy / Disclaimer / Feedback; Release date 2010-05-07. §5.15 Polygamma Functions
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DLMF: 17.14 Constant Term Identities ntip//almL.mst.gov/ /.14

Ch.17 g-Hypergeometric and Related Functions
Properties

§17.15 Generalizations

§ 17.14. Constant Term Identities

4 Zeilberger-Bressoud Theorem (Andrews’ g-Dyson Conjecture)

(Q' Q]al 4-02 +r+dp X
= coeff of x2x% .- x%in —I:q (ﬂ: ) .
@ e, (@ Dy (2 oy e 1sjl:[ksn(”* )a: 5V

17.14.1

1 Rogers-Ramanujan Constant Term identities

In the following, G(g) and H(q) denote the left-hand sides of (17.2.49) and (17.2.50), respectively.

. n(n+1} core 2y fog-lg.q? 2. 42
F — zq . - coeff of z° in (“ziq.zq )zm( z q.:i )m,(_q1 .qum
17142 n=0{q% 49, (-4 9%)n+1 (27192 4%)o(~2: 1D w(27'q; %)
= coeff szD in (_Zq; qz)m(_z_lq; qz]w(qz; qz]m = H(q]
(-¢: %) (z71¢; Qo (-2 %)
$ gV - coeff. of £° in =20 92710 4)e(4% 4°)e
ir1as " (9% 499 §%)naa (271 4o~ € 0Hw(z7'8 (M)
b et EP0 0024 0a(0% 4% GL4)
(-9 3% (z7% 9)e (-q: 49
w n? —2a-a?) (-z-1g: g2 2, 42
2 - coeffof2’ in 24:4 ]n_:( Z 4:4 )m_(? A Joo
144 n=0(q% 9%),(q: %), (271 q9)u(@ 4%)w{z7' %)
B SOOI P 7 Tk e 1 b C Ak 0 PR C )
(4 %) (2% 9w (4 4w
n+2n 2 -1 2z 2, .2
® q 0. (720 8%)0(~27'4: 4°)(q% 4 )0
= coeff.of z" in
(7145 n>=:o (9% 92),(a 9%)na1 (-922°%; 42)(q: 9D w(z719% 0%)w
) coeit of o in 280270 42u(@” ) __HG*)
CH (q*27% %), (4 9D

Macdonald (1982) includes extensive conjectures on generalizations of (17.14.1) to root systems. These conjectures
were proved in Cherednik (1995), Habsieger (1986), and Kadell (1994); see also Macdonald (1998). For additional
results of the type (17.14.2)-(17.14.5) see Andrews (1986, Chapter 4).

§1713 inegrals | ©2010 NIST/ Privacy Policy / Disclaimer | Feedback, Release date 2010-05-07. §17.15 Generslizations
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