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Sampling Theory in Euclidean Geometry

Sampling Theory in R

°o PWo={f:f,fe Lz,supp(?) C [-9,Q]}.
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Sampling Theory in Euclidean Geometry

Sampling Theory in R

o PWqo = {f: f,f € L2, supp(f) C [-Q,Q]}.

Theorem (C-W-W-K-S-R-O-... Sampling Theorem)

sin(25t)
Tt

Let f € PWq, 6,7(t) = 6(t — nT) and sinct(t) =
a.) If T <1/2Q, then for all t € R,

fit)=T i f(nT)W =T ([Z&,,T} ~f> # sinc

n=—00 neZ

b.) If T <1/2Q and f(nT) =0 for all n € Z, then f = 0.
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Sampling Theory in Euclidean Geometry

Formal Proof of W-K-S Sampling Theorem

Let T >0 and let f € L}([0, T)). Assume that we can expand the
T-periodization of f (f7)°(t) in a Fourier series. This yields

> f(t+nT) Zf n/T)e* /Tt (PSF).
nezZ nGZ
This extends to the class of Schwarz distributions as

S bur = =3, (PSF2).

n€zZ neZ
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Sampling Theory in Euclidean Geometry

Formal Proof of W-K-S Sampling Theorem

Let T >0 and let f € L}([0, T)). Assume that we can expand the
T-periodization of f (f7)°(t) in a Fourier series. This yields

> f(t+nT)= Zf n/T)e* /Tt (PSF).

nezZ nGZ
This extends to the class of Schwarz distributions as

S bur = =3, (PSF2).

n€zZ neZ
If f € PWq and T < 1/2Q, then

(Z flw— = > Xj—1/27,1/27) (W) = (Z [%/T} *?> X[—1/2T,1/2T)>

neZ nez

([Z m} : ) sine(t).

nEeZ

which holds if and only if
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Sampling Theory in Euclidean Geometry

Beurling-Landau Densities

@ A sequence A is separated or uniformly discrete if
g = infr(Akss — Ak) > 0. Distribution function

na(b) — na(a) = card(A N (a, b)),

normalized — np(0) = 0.
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Sampling Theory in Euclidean Geometry

Beurling-Landau Densities

@ A sequence A is separated or uniformly discrete if
g = infr(Akss — Ak) > 0. Distribution function

na(b) — na(a) = card(A N (a, b)),

normalized — nx(0) = 0.

o A discrete set A is a set of sampling for PWq, if there exists a
constant C > 0 such that C||f||3 < > onen |F(Ak)[? for every
f € PWq.
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Sampling Theory in Euclidean Geometry

Beurling-Landau Densities

@ A sequence A is separated or uniformly discrete if
g = infr(Akss — Ak) > 0. Distribution function

na(b) — na(a) = card(A N (a, b)),

normalized — np(0) = 0.

o A discrete set A is a set of sampling for PWq, if there exists a
constant C > 0 such that C||f||3 < > onen |F(Ak)[? for every
f € PWq.

e Ais a set of uniqueness for PWgq if f|, = 0 implies that f = 0.
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Sampling Theory in Euclidean Geometry

Beurling-Landau Densities

@ A sequence A is separated or uniformly discrete if
g = infr(Akss — Ak) > 0. Distribution function

na(b) — na(a) = card(A N (a, b)),

normalized — np(0) = 0.

o A discrete set A is a set of sampling for PWq, if there exists a
constant C > 0 such that C||f||3 < > onen |F(Ak)[? for every
f € PWq.

e Ais a set of uniqueness for PWgq if f|, = 0 implies that f = 0.

@ A is a set of sampling and uniqueness if there exists constants
A, B > 0 such that

Allfll3 < Z FOP < Bfl5-
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Sampling Theory in Euclidean Geometry

Beurling-Landau Densities, cont'd

Definition (Beurling-Landau Densities)

1.) The Beurling-Landau lower density

(na(t £ r)) = ma(t)

D= (A) = liminf,_, inficr
2.) The Beurling-Landau upper density

(ma(t+r)) = m(2)

D+(/\) =lim Supr%oosuptER

@ For exact and stable reconstruction — D= (A) > 1.
Fails — D—(A) < 1.
(Note — There are sets of uniqueness with arbitrarily small density.)
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Sampling Theory in Euclidean Geometry

Beurling-Landau Densities, cont'd

Definition (Beurling-Landau Densities)

1.) The Beurling-Landau lower density

(na(t £ r)) = ma(t)

D= (A) = liminf,_, inficr
2.) The Beurling-Landau upper density

(ma(t+r)) = m(2)

D+(/\) =lim Supr%oosuptER

@ For exact and stable reconstruction — D= (A) > 1.

Fails — D—(A) < 1.

(Note — There are sets of uniqueness with arbitrarily small density.)
e If DT(A) <1, then A is a set of interpolation.
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?

o Let T > 0 and let g(t) be a function such that supp f C [0, T]9.
Assume that we can expand the T-periodization of f (f7)°(t) in a
Fourier series, we get

> f(t+nT)= an/r 2mint/T (PSF),

nezd nezd
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?

o Let T > 0 and let g(t) be a function such that supp f C [0, T]9.
Assume that we can expand the T-periodization of f (f7)°(t) in a
Fourier series, we get

> f(t+nT)= an/r 2mint/T (PSF),

nezd nezd

@ As before, we get

1 ~
> f(nT) = = > f(n/T) (PSF1),

nezd nezd
< 1
> Onr == > du7 (PSF2).
nezd nezd
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

@ We can write Poisson summation for an arbitrary lattice by a change
of coordinates. Let A be an invertible d x d matrix, A = AZ?, and
At = (AT)71Z? be the dual lattice. Then

Z f(t+A) Z (FoA)YA 't +n)= Z (fo A)A(n)eznin.rl(t)

AEA nezd nezd

AT 27rl(AT) Y(n)- t
|detA| Z
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

@ We can write Poisson summation for an arbitrary lattice by a change
of coordinates. Let A be an invertible d x d matrix, A = AZ?, and
At = (AT)71Z? be the dual lattice. Then

Z f(t+A) Z (FoA)YA 't +n)= Z (fo A)A(n)eznin.rl(t)

AEA nezd neZd
— AT 27rl(AT) Y(n)- t
|detA| Z

@ Since |det A| = vol(A), we can write this as

S f(t+A) = Vol ;2 F(9)em (PsF).

AEA ﬁeAi
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

@ We can write Poisson summation for an arbitrary lattice by a change
of coordinates. Let A be an invertible d x d matrix, A = AZ?, and
At = (AT)71Z? be the dual lattice. Then

Z f(t+A) Z (FoA)YA 't +n)= Z (fo A)A(n)eznin.rl(t)

AEA nezd neZd
— AT 27rl(AT) Y(n)- t
|detA| Z

@ Since |det A| = vol(A), we can write this as

S f(t+A) = Vol ;2 F(9)em (PsF).

AEA ﬁeAi

@ This extends again to the Schwartz class of distributions as

Z‘SA = Vol N > 65 (PSF2).

AEA BENL
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

@ The dual sampling lattice can be written as
A=A A = zwy + zowa + ...+ Zgwa }. This creates a
fundamental sampling parallelpiped Qp in R9. If the region Qp is a
hyper-rectangle, we get
5 s TEE ), e )
vol w(t — mwi) (t — Ngwq)
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

@ The dual sampling lattice can be written as
A=A A = zwy + zowa + ...+ Zgwa }. This creates a
fundamental sampling paraIIeIplped Qp in RY. If the region Qp is a
hyper-rectangle, we get

Z (o sm(wll(t — mwi)) sin( - (t — nqwq)) .

m(t—mwy) (t—ndwd)

vol

o If, however, Qp is a general parallelepiped, we first have to compute
the inverse Fourier transform of Xgq,. Let S be the generalized sinc

function
1

W(XQP )v :

" vol

Then, the sampling formula becomes

t)=> FNS(t-

AEA
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

Definition (Nyquist Tiles for f € PWgq.,,)
Let

PWgq, = {f continuous : f € [2(RY), fe Lz(Rd) supp(f ) CcQp}.

Let f € PWq,. The Nyquist Tile NT(f) for f is the parallelepiped of
minimal area in R9 such that 5upp(f) C NT(f). A Nyqu:st Tiling is the
set of translates {NT(f)x}cz¢ of Nyquist tiles which tile RY.
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

Definition (Nyquist Tiles for f € PWgq.,,)
Let

PWgq, = {f continuous : f € [2(RY), fe Lz(Rd) supp(f ) CcQp}.

Let f € PWq,. The Nyquist Tile NT(f) for f is the parallelepiped of
minimal area in R9 such that 5upp(f) C NT(f). A Nyqu:st Tiling is the
set of translates {NT(f)x}cz¢ of Nyquist tiles which tile RY.

Definition (Sampling Group for f € PWgq_,)
Let f € PWq, with Nyquist Tile NT(f). The Sampling Group G is a
symmetry group of translations such that NT(f) tiles R9.
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

We use our sampling lattices to develop Voronoi cells corresponding to
the sampling lattice. These cells will be, in the Euclidean case, our
Nyquist tiles.

Definition (Voronoi Cells in IE/@)

Let A = {\x € R} be a sampling set for f € PWq. Let AL be the dual
lattice in frequency space. Then, the Voronoi cells {®x}, the Voronoi
partition VP (A1), and partition norm |[VP(AL)|| corresponding to the
sampling lattice are defined as follows.

1.) The Voronoi cells ®y = {w € R : dist(w, A ) < infj dist(w, AF)},

2.) The Voronoi partition VP(AX) = {&) € R}, 0,
3.) The partition norm |[VP(AL)|| = supezesup,, ,eo, dist(w, v).
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

Figure: 3D Nyquist Cell
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Sampling Theory in Euclidean Geometry

Sampling Theory in R?, Cont'd

Theorem (Nyquist Tiling for Euclidean Space (C, (3)(2016))

Let f € PWgq,, and let A = {\x € R9},cz0 be the sampling grid which
samples f exactly at Nyquist. Let A~ be the dual lattice in frequency

space. Then the Voronoi partition VP(A*) = {® € @j}kezd equals the
Nyquist Tiling, i.e.,

{Pk € R} yega = {NT(F) breze -
Moreover, the partition norm equals the volume of AL e,
HV,P(AL)” = Supkestupw,ued)k diSt(w7 V) = VOl(/\l) )

and the sampling group G is exactly the group of motions that preserve
AL,
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Sampling Theory in Euclidean Geometry

Why Use Voronoi Cells?

@ Allows us to create a unified construction of Sampling in all
geometries.
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Sampling Theory in Euclidean Geometry

Why Use Voronoi Cells?

@ Allows us to create a unified construction of Sampling in all
geometries.

e For a fixed grid, if the geometry changes, the Voronoi Cells give the
correct Nyquist Tiles for that geometry.
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Sampling Theory in Euclidean Geometry

Why Use Voronoi Cells?

@ Allows us to create a unified construction of Sampling in all
geometries.

e For a fixed grid, if the geometry changes, the Voronoi Cells give the
correct Nyquist Tiles for that geometry.

@ Reduces the question of Sampling purely to the optimal sampling
grid.
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Sampling Theory in Euclidean Geometry

Why Use Voronoi Cells, Cont'd?

[

AMERICAN
UNIVERSITY

Stephen Casey ing in Euclidean and Non-Euclidean Domains: A Unified Approach



Sampling Theory in Euclidean Geometry

Why Use Voronoi Cells, Cont'd?

[
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Geometry of Surfaces

Geometry of Surfaces

@ Understand the geometry by understanding the group of motions
that preserve the geometry — Klein's Erlangen Program.
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Geometry of Surfaces

Euclidean Geometry

@ Euclidean Geometry — Rotations and Translations.
Vo0 = ez —a.

o Length -
Le(T) —/ |dz| .
r

Le(po,a(l) = Le(T) .

Stephen Casey Sampling in Euclidean and Non-Euclidean Domains: A Unified Approach



Geome

Spherical Geometry

try of Surfaces

@ Spherical Geometry —

where |a|? + |8]? = 1.
o Length -

Mobius Transformations

az — 3

Vel = o

2 |dz|
s = [ 77

Ls(pa,p(M) = Ls(M) -
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Sampling Theory in Euclidean Geometr
Geometry of Surfaces
Sampling in Non-Euclidean G
Application: Network Tc

Spherical Geometry, Cont'd

“Lines” parallel at one
place eventually cross.

The shortest
distance is a

The sum of the angles

curve thatisa : .
of a triangle is greater
segment of a than 180°.

great circle. @1‘0 < 2x,

Copyright & 2634 Pearson Edducaion, publisning 64 Addisen Wesisy

Figure: Spherical Geometry
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Geometry of Surfaces

Hyperbolic Geometry

@ Hyperbolic Geometry — Mobius-Blaschke Transformations

where |a] < 1.
@ Length —
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Geometry of Surfaces

Hyperbolic Geometry, Cont'd

Figure: Hyperbolic Tesselation — SU(1, 1)
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Geometry of Surfaces

Hyperbolic Geometry, Cont'd
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Geometry of Surfaces

Hyperbolic Geometry, Cont'd
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Geometry of Surfaces

Curvature “in a Nutshell”

Universe with postie Universe with megafive curvaiure.
curvature. Diverging line Lines diverge at ever increasing angles.
converge af great distances. Triangle angles add to less than 1807,
Triangle angles add to more

than 180°

Universe with no curvature. Lines diverge at
constant angle. Triangle angles add to 180°
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Geometry of Surfaces

@ The Uniformization Theorem — Klein, Koebe, Poincare.

4
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Geometry of Surfaces

@ The Uniformization Theorem — Klein, Koebe, Poincare.

o Every surface admits a Riemannian metric of constant Gaussian
curvature K.

4
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Geometry of Surfaces

@ The Uniformization Theorem — Klein, Koebe, Poincare.
o Every surface admits a Riemannian metric of constant Gaussian

curvature K.
e Every simply connected Riemann surface (universal covering space
8) is conformally equivalent to one of the following:

o The Plane C — Euclidean Geometry — x =0 —

<{eiez it Oz} : o>

o The Riemann Sphere C - Spherical Geometry — k=1 —

<{ﬂ}, o>7 where |a)® + |8]> = 1.

—Bz—a@
o The Poincaré Disk D — Hyperbolic Geometry — k = —1 —

<{ei9 z-a }7 o>, where |a| < 1.
1-az

ampling in Euclidean and Non-Euclidean Domains: A Unified Approach
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Geometry of Surfaces

General Surface

@ Given connected Riemann surface S and its universal covering space
S, Sis isomorphic to S/F where the group I is isomorphic to the
fundamental group of S, m1(S).
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Geometry of Surfaces

General Surface

@ Given connected Riemann surface S and its universal covering space
S, Sis isomorphic to S/F where the group I is isomorphic to the
fundamental group of S, m1(S).

@ The corresponding covering is simply the quotient map which sends
every point of S to its orbit under .
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Geometry of Surfaces

General Surface

@ Given connected Riemann surface S and its universal covering space
S, Sis isomorphic to S/F where the group I is isomorphic to the
fundamental group of S, m1(S).

@ The corresponding covering is simply the quotient map which sends
every point of S to its orbit under .

o A fundamental domain is a subset of S which contains exactly one
point from each of these orbits.
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Genera

Sampling in Spherical Geometry

@ The sphere is compact, and its study requires different tools.

@ Sampling on the sphere is how to sample a band-limited function, an
Nth degree spherical polynomial, at a finite number of locations,
such that all of the information content of the continuous function is
captured.
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Sampling in Spherical Geometry

@ The sphere is compact, and its study requires different tools.

@ Sampling on the sphere is how to sample a band-limited function, an
Nth degree spherical polynomial, at a finite number of locations,
such that all of the information content of the continuous function is
captured.

@ Since the frequency domain of a function on the sphere is discrete,
the spherical harmonic coefficients describe the continuous function
exactly.
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Sampling in Spherical Geometry

@ The sphere is compact, and its study requires different tools.

@ Sampling on the sphere is how to sample a band-limited function, an
Nth degree spherical polynomial, at a finite number of locations,
such that all of the information content of the continuous function is
captured.

@ Since the frequency domain of a function on the sphere is discrete,
the spherical harmonic coefficients describe the continuous function
exactly.

@ A sampling theorem thus describes how to exactly recover the
spherical harmonic coefficients of the continuous function from its
samples.
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Sampling in Spherical Geometry

@ The sphere is compact, and its study requires different tools.

@ Sampling on the sphere is how to sample a band-limited function, an
Nth degree spherical polynomial, at a finite number of locations,
such that all of the information content of the continuous function is
captured.

@ Since the frequency domain of a function on the sphere is discrete,
the spherical harmonic coefficients describe the continuous function
exactly.

@ A sampling theorem thus describes how to exactly recover the
spherical harmonic coefficients of the continuous function from its
samples.

@ The open question is the establishment of the optimal
Beurling-Landau densities. This leads to questions about sphere
tiling.
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Sampling in Non-Euclidean Geometry

Fourier Analysis in Hyperbolic Geometry

o Let dz denote the area measure on the unit disc D = {z | |z| < 1,
and let the measure dv be given by the SU(1, 1)-invariant measure
on D, given by dv(z) = dz/(1 — |z|?)2.
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Sampling in Non-Euclidean Geometry

Fourier Analysis in Hyperbolic Geometry

o Let dz denote the area measure on the unit disc D = {z | |z| < 1,
and let the measure dv be given by the SU(1, 1)-invariant measure
on D, given by dv(z) = dz/(1 — |z|?)2.

e For f € LY(DD, dv) the Fourier-Helgason transform (FHT) —

F(\ b) = / f(z)el=MDEb) gy (7)
D

for A > 0 and b € T. Here (z, b) denotes the hyperbolic distance
from z to a point b on the boundary of D.
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Sampling in Non-Euclidean Geometry

Fourier Analysis in Hyperbolic Geometry

o Let dz denote the area measure on the unit disc D = {z | |z| < 1,
and let the measure dv be given by the SU(1, 1)-invariant measure
on D, given by dv(z) = dz/(1 — |z|?)2.

e For f € LY(DD, dv) the Fourier-Helgason transform (FHT) —

F(\ b) = / f(z)el=MDEb) gy (7)
D

for A > 0 and b € T. Here (z, b) denotes the hyperbolic distance
from z to a point b on the boundary of D.

@ FHT Inversion

1 ~ .
f(z) = 7/ /f()\, b)elM1(Zb) X tanh(Ar/2) dA db .
2T R+ JT
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Sampling in Non-Euclidean Geometry

Sampling in Hyperbolic Geometry

e FHT: L?(D) — L*(R* x T, i)\tanh()m/2)d)\ db)
Let dist denote the distance in RT x T, weighted by
%)\tanh()\ﬂﬂ).
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Sampling in Non-Euclidean Geometry

Sampling in Hyperbolic Geometry

e FHT: [*(D) — L*(R* x T, 5= Atanh(\7/2)dA db)
Let dist denote the distance in RT x T, weighted by
= Atanh(A7/2).

o A function f € L?(DD, dv) is called band-limited if its
Fourier-Helgason transform fis supported inside a bounded subset
[0,9Q] of RT. The collection of band-limited functions with
band-limit inside a set [0, Q2] will be denoted PWq = PWq(D).
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Sampling in Non-Euclidean Geometry

Sampling in Hyperbolic Geometry

e FHT: L?(D) — L*(R* x T, iAtanh()m/2)d)\ db)

Let dist denote the distance in RT x T, weighted by
%)\tanh()\ﬂﬂ).

o A function f € L?(DD, dv) is called band-limited if its
Fourier-Helgason transform fis supported inside a bounded subset
[0,9Q] of RT. The collection of band-limited functions with
band-limit inside a set [0, Q2] will be denoted PWq = PWq(D).

@ One approach to sampling (Feichtinger-Pesenson) proceeds as
follows. To sample, tile Rt x T with Q bands.

Then, since we don't know Nyquist, we cover the bands with disks.
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Sampling in Non-Euclidean Geometry

e FHT: [*(D) — L*(R* x T, 5= Atanh(\7/2)dA db)
Let dist denote the distance in RT x T, weighted by
= Atanh(A7/2).

o A function f € L?(DD, dv) is called band-limited if its
Fourier-Helgason transform fis supported inside a bounded subset
[0,9Q] of RT. The collection of band-limited functions with
band-limit inside a set [0, Q2] will be denoted PWq = PWq(D).

@ One approach to sampling (Feichtinger-Pesenson) proceeds as
follows. To sample, tile Rt x T with Q bands.
Then, since we don't know Nyquist, we cover the bands with disks.

@ There is a natural number N such that for any sufficiently small r
there are points x; € D for which B(x;, r/4) are disjoint, B(x;, r/2)
cover Dand 1 < 7, Xp(x,r) < N. Such a collection of {x;} will be

. 47 - -
called an (r, N)-lattice. Let ¢; be smooth non-negative functions
which are supported in B(x;, r/2) and satisfy that >, ¢; = 1p
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Sampling in Non-Euclidean Geometry

Sampling in Hyperbolic Geometry, Cont'd

o Let ¢; be smooth non-negative functions which are supported in
B(xj, r/2) and satisfy that }_; ¢; = 1p. Define the operator

Tf(x) = Pa Zf(xj)cﬁj(x) ,

where Pq is the orthogonal projection from L?(ID, dv) onto PWq(D).

Stephen Casey Sampling in Euclidean and Non-Euclidean Domains: A Unified Approach



Sampling in Non-Euclidean Geometry

Sampling in Hyperbolic Geometry, Cont'd

o Let ¢; be smooth non-negative functions which are supported in
B(xj, r/2) and satisfy that }_; ¢; = 1p. Define the operator

Tf(x) = Pa Zf(xj)cﬁj(x) ,

where Pq is the orthogonal projection from L?(ID, dv) onto PWq(D).

@ By decreasing r one can obtain the inequality ||/ — T|| < 1, in which
case T can be inverted by

T =) (1—T)kf.
k=0
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Sp Geometr
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Sampling in Non-Euclidean Geometry General Surfa
General Surfaces

Sampling in Hyperbolic Geometry, Cont'd

@ Since ||/ — T|| <1, T can be inverted by

oo

T =) (I-T) .

k=0
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Sampling in Hyperbolic Geometry, Cont'd

@ Since ||/ — T|| <1, T can be inverted by

oo

T =) (I-T) .

k=0

o For given samples, we can calculate Tf and the Neumann series,
which provides the recursion formula

foo1 = o+ TF — TF, .

Then f,11 — f as n — oo in norm. The rate of convergence —
1o = I < 1= TN
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Sampling in Hyperbolic Geometry, Cont'd

Theorem (lrregular Sampling by lteration (C, (2016))

Let S be a Riemann surface whose universal covering space Sis
hyperbolic. Then there exists an (r, N)-lattice on S such that given

f € PWq =PWq(S),  can be reconstructed from its samples on the
lattice via the recursion formula

for1="F+ TF = T1,.

We have f,11 — f as n — oo in norm. The rate of convergence is
1o = Il < I = TI"™HIF].

This, however, leaves open questions about densities. We address this in
the next few frames.
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Sampling in Hyperbolic Geometry, Cont'd

Equip the unit disc D with normalized area measure do(z), let O be the
set of holomorphic functions, and let 1 < p < oo be given.

Definition (Bergman Space)

AP(D) = LP(D, do) N O(D).

This is a reproducing kernel Banach space with reproducing kernel
1

K(z,w) = a—woe
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Sampling in Hyperbolic Geometry, Cont'd

Equip the unit disc D with normalized area measure do(z), let O be the
set of holomorphic functions, and let 1 < p < oo be given.

Definition (Bergman Space)

AP(D) = LP(D, do) N O(D).

This is a reproducing kernel Banach space with reproducing kernel
1

K =——.

(z,w) (1—wz)?

@ Lower and upper Beurling-Landau densities on Bergman spaces
AP(D) on the unit disc by Seip and Schuster.
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Equip the unit disc D with normalized area measure do(z), let O be the
set of holomorphic functions, and let 1 < p < oo be given.

Definition (Bergman Space)
AP(D) = LP(D, do) N O(D).

This is a reproducing kernel Banach space with reproducing kernel
1
K =——.
(z,w) (1—wz)?
Lower and upper Beurling-Landau densities on Bergman spaces
AP(D) on the unit disc by Seip and Schuster.

@ Define
z—(

1-zC

p(z,¢) =
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Sampling in Hyperbolic Geometry, Cont'd

Equip the unit disc D with normalized area measure do(z), let O be the
set of holomorphic functions, and let 1 < p < oo be given.

Definition (Bergman Space)

AP(D) = LP(D, do) N O(D).

This is a reproducing kernel Banach space with reproducing kernel
1
(1-wz)?
@ Lower and upper Beurling-Landau densities on Bergman spaces
AP(D) on the unit disc by Seip and Schuster.
@ Define
z—¢

p(z,¢) = |1 —3

o Let [y = {z} be a set of uniformly discrete points, that is

K(z,w) =

infj2xp(zj,z¢) > 0
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@ For each z let n,(r) be the number of points from Ik in the disk
[€| < r, and define
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@ For each z let n,(r) be the number of points from Ik in the disk
[€| < r, and define
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Sampling in Hyperbolic Geometry, Cont'd

@ Now we can define the lower density and upper density of points in
D of the sequence '
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Sampling in Hyperbolic Geometry, Cont'd

@ Now we can define the lower density and upper density of points in
D of the sequence '

@ Define the lower density and upper density, respectively

D= () = liminf ( inf NZ('))

r—1 zely A(r)
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Sampling in Hyperbolic Geometry, Cont'd

@ Now we can define the lower density and upper density of points in
D of the sequence '

@ Define the lower density and upper density, respectively

D= () = liminf ( inf NZ('))

r—1 zely A(r)

D*(y) = limsup (sup Nz(r’)

r—1 zely A(r)
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Sampling in Hyperbolic Geometry, Cont'd

Theorem (Seip and Schuster)

Let A\ be a set of distinct points in .

1.) A sequence N is a set of sampling for AP if and only if it is a finite
union of uniformly discrete sets and it contains a uniformly discrete
subsequence N’ for which D~ (N') > 1/p.

2.) A sequence N\ is a set of interpolation for AP if and only if it is
uniformly discrete and D*(N) < 1/p.
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Sampling in Hyperbolic Geometry, Cont'd

@ Recall: (FHT) -
f(\ b) = / f(z)el=MDEb) gy (7)
D

for A > 0 and b € T. Here (z, b) denotes the hyperbolic distance
from z to a point b on the boundary of D.
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Sampling in Hyperbolic Geometry, Cont'd

@ Recall: (FHT) -
f(\ b) = / f(z)el=MDEb) gy (7)
D

for A > 0 and b € T. Here (z, b) denotes the hyperbolic distance
from z to a point b on the boundary of D.

o~

@ Because of (z, b), f(), b) is not analytic.
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@ Recall: (FHT) -
f(\ b) = / f(z)el=MDEb) gy (7)
D

for A > 0 and b € T. Here (z, b) denotes the hyperbolic distance
from z to a point b on the boundary of D.

o~

@ Because of (z, b), f(), b) is not analytic.
@ Seip and Schuster results do not apply.
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Sampling in Hyperbolic Geometry, Cont'd

Let dist denote the weighted distance in RT x T, weighted by
s=Atanh(A7/2). Using this distance, we can define the following.

Definition (Voronoi Cells in D)

Let A= {\x € D: k € N} be a sampling set on D. Let A* C Rt x T be
the dual lattice in frequency space. Then, the Voronoi cells {®,}, the
Voronoi partition VP(AL), and partition norm |[[VP(AL)|| corresponding
to the sampling lattice are defined as follows.

1.) The Voronoi cells &) = {w € D : dist(w, A\}-) < infj dist(w, Af)},
2.) The Voronoi partition VP(AL) = {® € Il/j)}kezd,
3.) The partition norm |[VP(AL)|| = supyczasup,, ,eco, dist(w, v).
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Sampling on a General Surface

@ Recall the following.

@ Given connected Riemann surface S and its universal covering space
S, Sis isomorphic to S/F where the group I is isomorphic to the
fundamental group of S, m1(S).
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Sampling on a General Surface

@ Recall the following.

@ Given connected Riemann surface S and its universal covering space
S, Sis isomorphic to S/F where the group I is isomorphic to the
fundamental group of S, m1(S).

@ The corresponding covering is simply the quotient map which sends
every point of S to its orbit under TI.
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Sampling on a General Surface

@ Recall the following.

@ Given connected Riemann surface S and its universal covering space
S, Sis isomorphic to S/F where the group I is isomorphic to the
fundamental group of S, m1(S).

@ The corresponding covering is simply the quotient map which sends
every point of S to its orbit under TI.

e A fundamental domain is a subset of S which contains exactly one
point from each of these orbits.
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Sampling on a General Surface

@ By the Uniformization Theorem — The only covering surface of
Riemann sphere C is itself, with the covering map being the identity.
The plane C is the universal covering space of itself, the once
punctured plane C\ {z} (with covering map exp(z — z)), and all
tori C/T, where I is a parallelogram generated by
z+——z+ny1+ myz, n,mée€ Z and 71,2 are two fixed complex
numbers linearly independent over R.
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Sampling on a General Surface

@ By the Uniformization Theorem — The only covering surface of
Riemann sphere C is itself, with the covering map being the identity.
The plane C is the universal covering space of itself, the once
punctured plane C\ {z} (with covering map exp(z — z)), and all
tori C/T, where I is a parallelogram generated by
z+——z+ny1+ myz, n,mée€ Z and 71,2 are two fixed complex
numbers linearly independent over R.

@ The universal covering space of every other Riemann surface is the
hyperbolic disk D.
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Sampling on a General Surface

@ By the Uniformization Theorem — The only covering surface of
Riemann sphere C is itself, with the covering map being the identity.
The plane C is the universal covering space of itself, the once
punctured plane C\ {z} (with covering map exp(z — z)), and all
tori C/T, where I is a parallelogram generated by
z+——z+ny1+ myz, n,mée€ Z and 71,2 are two fixed complex
numbers linearly independent over R.

@ The universal covering space of every other Riemann surface is the
hyperbolic disk D.

@ Therefore, the establishment of exact the Beurling-Landau densities
for functions in Paley-Wiener spaces in spherical and especially
hyperbolic geometries will allow the development of sampling
schemes on arbitrary Riemann surfaces.
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Sampling on a General Surface, cont'd

@ This will split into Compact vs. Non-Compact.
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Sampling on a General Surface, cont'd

@ This will split into Compact vs. Non-Compact.

@ Sampling on a compact surface is how to sample a band-limited
function, an Nth degree polynomial, at a finite number of locations,
such that all of the information content of the continuous function is
captured.
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Sampling on a General Surface, cont'd

@ This will split into Compact vs. Non-Compact.

@ Sampling on a compact surface is how to sample a band-limited
function, an Nth degree polynomial, at a finite number of locations,
such that all of the information content of the continuous function is
captured.

@ Since the frequency domain of a function on a compact surface is
discrete, the coefficients describe the continuous function exactly.
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Sampling on a General Surface, cont'd

@ This will split into Compact vs. Non-Compact.

@ Sampling on a compact surface is how to sample a band-limited
function, an Nth degree polynomial, at a finite number of locations,
such that all of the information content of the continuous function is
captured.

@ Since the frequency domain of a function on a compact surface is
discrete, the coefficients describe the continuous function exactly.

@ A sampling theorem thus describes how to exactly recover the
coefficients of the continuous function from its samples. The
underlying geometry for sampling is inherited from the universal
cover.
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Sampling on a General Surface, cont'd

Figure: Torus Fundamental Domain
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Sampling on a General Surface, cont'd

Figure: Two Torus Fundamental Domain
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Sampling on a General Surface, cont'd
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Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd
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Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd

@ Sampling on a non-compact surface is how to sample a
band-limited function at an infinite number of locations, such that
all of the information content of the continuous function is captured.
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Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd

@ Sampling on a non-compact surface is how to sample a
band-limited function at an infinite number of locations, such that
all of the information content of the continuous function is captured.

@ Since the frequency domain of a function on a non-compact surface
is a continuum, we need a Sampling Group and Nyquist Tile to
reconstruct.
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Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd
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Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd

e For a non-compact surface, given a discrete subgroup I of SL(2,R)
acting on H, I contains a parabolic element.

Stephen Casey Sampling in Euclidean and Non-Euclidean Domains: A Unified Approach



P " H
Sampling in Non-Euclidean Geometry General Surfac

Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd

e For a non-compact surface, given a discrete subgroup I of SL(2,R)
acting on H, I contains a parabolic element.

@ The conjugacy class of the parabolic element corresponds to a cusp
in the quotient manifold. When you “unfold” the surface in the
universal cover, the cusp corresponds to a set of ideal vertices of
your fundamental region.
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Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd

e For a non-compact surface, given a discrete subgroup I of SL(2,R)
acting on H, I contains a parabolic element.

@ The conjugacy class of the parabolic element corresponds to a cusp
in the quotient manifold. When you “unfold” the surface in the
universal cover, the cusp corresponds to a set of ideal vertices of
your fundamental region.

@ Since the frequency domain of a function on a non-compact surface
is a continuum, we need a Sampling Group and Nyquist Tile to
reconstruct. Here, the Sampling Group is T+ o G, where I'* lives in
frequency space. The Nyquist Tile is a subregion of the transform of
the fundamental domain.
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Sampling on a General Surface, cont'd

@ Compact vs. Non-Compact, cont'd

e For a non-compact surface, given a discrete subgroup I of SL(2,R)
acting on H, I contains a parabolic element.

@ The conjugacy class of the parabolic element corresponds to a cusp
in the quotient manifold. When you “unfold” the surface in the
universal cover, the cusp corresponds to a set of ideal vertices of
your fundamental region.

@ Since the frequency domain of a function on a non-compact surface
is a continuum, we need a Sampling Group and Nyquist Tile to
reconstruct. Here, the Sampling Group is T+ o G, where I'* lives in
frequency space. The Nyquist Tile is a subregion of the transform of
the fundamental domain.

@ A sampling theorem thus describes how to exactly recover the
coefficients of the continuous function from its samples. The
underlying geometry for sampling is inherited from the universal
cover.
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Sampling on a General Surface, cont'd
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Sampling on a General Surface, Cont'd

@ We have the machinery to develop a sampling theory for general
analytic orientable surfaces.
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Sampling on a General Surface, Cont'd

@ We have the machinery to develop a sampling theory for general
analytic orientable surfaces.

@ Using covering space theory, we can develop sampling on the space
of bandlimited functions on the fundamental domain of a given
surface.
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Sampling on a General Surface, Cont'd

@ We have the machinery to develop a sampling theory for general
analytic orientable surfaces.

@ Using covering space theory, we can develop sampling on the space
of bandlimited functions on the fundamental domain of a given
surface.

@ This breaks down into compact vs. non-compact surfaces.

Stephen Casey Sampling in Euclidean and Non-Euclidean Domains: A Unified Approach



We have the machinery to develop a sampling theory for general
analytic orientable surfaces.

Using covering space theory, we can develop sampling on the space
of bandlimited functions on the fundamental domain of a given
surface.

This breaks down into compact vs. non-compact surfaces.

By uniformization, there are only three universal covers — C,C, D.
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Sampling on a General Surface, Cont'd

@ We have the machinery to develop a sampling theory for general
analytic orientable surfaces.

@ Using covering space theory, we can develop sampling on the space
of bandlimited functions on the fundamental domain of a given
surface.

@ This breaks down into compact vs. non-compact surfaces.
@ By uniformization, there are only three universal covers — C,C,D.
@ So, ... “all” we have to do is develop Nyquist densities in C,D.
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Sampling on a General Surface, Cont'd

@ We have the machinery to develop a sampling theory for general
analytic orientable surfaces.

@ Using covering space theory, we can develop sampling on the space
of bandlimited functions on the fundamental domain of a given
surface.

This breaks down into compact vs. non-compact surfaces.
By uniformization, there are only three universal covers — C,C, D.
So, ... “all” we have to do is develop Nyquist densities in C,D.

e 6 o o

These are challenging problems.
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Sampling on a General Surface, Cont'd

@ We have the machinery to develop a sampling theory for general
analytic orientable surfaces.

@ Using covering space theory, we can develop sampling on the space
of bandlimited functions on the fundamental domain of a given

surface.
@ This breaks down into compact vs. non-compact surfaces.
@ By uniformization, there are only three universal covers — C, (E,D.
@ So, ... “all” we have to do is develop Nyquist densities in @,D.
@ These are challenging problems.
@ Maybe the following will help ... .
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Sampling on a General Surface, cont'd
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Sampling in Non-Euclidean Geometry

Applications

@ Spherical — Computer graphics, planetary science, geophysics,
quantum chemistry, astrophysics. In many of these applications, a
harmonic analysis of the data is insightful. For example, spherical
harmonic analysis has been remarkably successful in cosmology,
leading to the emergence of a standard cosmological model.
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Sampling in Non-Euclidean Geometry

Applications

@ Spherical — Computer graphics, planetary science, geophysics,
quantum chemistry, astrophysics. In many of these applications, a
harmonic analysis of the data is insightful. For example, spherical
harmonic analysis has been remarkably successful in cosmology,
leading to the emergence of a standard cosmological model.

@ Healy, Driscoll, Keiner, Kunis, McEwen, Potts, and Wiaux.

Stephen Casey Sampling in Euclidean and Non-Euclidean Domains: A Unified Approach



P " H
Sampling in Non-Euclidean Geometry General Surfac

Applications

@ Spherical — Computer graphics, planetary science, geophysics,
quantum chemistry, astrophysics. In many of these applications, a
harmonic analysis of the data is insightful. For example, spherical
harmonic analysis has been remarkably successful in cosmology,
leading to the emergence of a standard cosmological model.

@ Healy, Driscoll, Keiner, Kunis, McEwen, Potts, and Wiaux.

@ Hyperbolic — Electrical impedance tomography, network tomography,
integral geometry. In network tomography, sampling theory can give
a systematic approach to internet security.

Stephen Casey Sampling in Euclidean and Non-Euclidean Domains: A Unified Approach



P " H
Sampling in Non-Euclidean Geometry General Surfac

Applications

@ Spherical — Computer graphics, planetary science, geophysics,
quantum chemistry, astrophysics. In many of these applications, a
harmonic analysis of the data is insightful. For example, spherical
harmonic analysis has been remarkably successful in cosmology,
leading to the emergence of a standard cosmological model.

@ Healy, Driscoll, Keiner, Kunis, McEwen, Potts, and Wiaux.

@ Hyperbolic — Electrical impedance tomography, network tomography,
integral geometry. In network tomography, sampling theory can give
a systematic approach to internet security.

@ Berenstein, Kuchment.
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Application: Network Tomography

The Radon Transform

@ The interest in the Radon Transform is its application to the
reconstruction problem. This problem determines some property of
the internal structure of an object without having to damage the
object. This can be thought of in terms of X rays, gamma rays,
sound waves, etc.
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Application: Network Tomography

The Radon Transform

@ The interest in the Radon Transform is its application to the
reconstruction problem. This problem determines some property of
the internal structure of an object without having to damage the
object. This can be thought of in terms of X rays, gamma rays,
sound waves, etc.

@ The Radon Transform in two dimensional space is the mapping
defined by the projection or line integral of f € L! along all possible
lines L. In higher dimensions, given a function f, the Radon
Transform of f, designated by R(f) = f, is determined by
integrating over each hyperplane in the space.

R(E)(P) = H(p.€) = [ F()3(p— ¢ x) o
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Application: Network Tomography

The Radon Transform

@ The interest in the Radon Transform is its application to the
reconstruction problem. This problem determines some property of
the internal structure of an object without having to damage the
object. This can be thought of in terms of X rays, gamma rays,
sound waves, etc.

@ The Radon Transform in two dimensional space is the mapping
defined by the projection or line integral of f € L! along all possible
lines L. In higher dimensions, given a function f, the Radon
Transform of f, designated by R(f) = f, is determined by
integrating over each hyperplane in the space.

R(E)(P) = H(p.€) = [ F()3(p— ¢ x) o

@ The n dimensional Radon Transform R, is related to the n
dimensional Fourier Transform by R,(f) = F; ' F.(f). This allows
us to use Fourier methods in computations, and get relations of
shifting, scaling, convolution, differentiation, and integration.
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The Radon Transform, cont'd

@ The inversion formula is necessary to recover desired information
about internal structure. The formula can be derived in an even and
odd part, then unified analogously to the Fourier Series. The unified
inversion formula is

f =RIToR(f),

where Ty is the Helgason Operator.
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Application: Network Tomography

The Radon Transform, cont'd

@ The inversion formula is necessary to recover desired information
about internal structure. The formula can be derived in an even and
odd part, then unified analogously to the Fourier Series. The unified
inversion formula is

f =RIToR(f),

where Ty is the Helgason Operator.

@ In hyperbolic space, the Radon Transform is a 1 — 1 mapping on the
space of continuous functions with exponential decrease. This makes
it the natural tool to use.
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Network Tomography

@ Munzner has proven that the internet has a hyperbolic structure.
Therefore, a good tool to deal with the network problems we are
interested in is the discrete Radon transform on trees and its
inversion formula.
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Application: Network Tomography

Network Tomography

@ Munzner has proven that the internet has a hyperbolic structure.
Therefore, a good tool to deal with the network problems we are
interested in is the discrete Radon transform on trees and its
inversion formula.

@ A tree T is a finite or countable collection V' of vertices
vj,j =0,1,... and a collection E of edges ejk = (v, vk), i.e., pairs of
vertices. For every edge, we can associate a non-negative number w
corresponding to the traffic along that edge. The values of w will
increase or decrease depending on traffic.
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Network Tomography, Cont'd

@ We wish to determine the weight w for the case of general weighted
graphs. We begin by considering relatively simple regions of interest
in a graph and suitable choices for the data of the w-Neumann
boundary value problem to produce a linear system of equations for
the values of w, computing the actual weight from the knowledge of
the Dirichlet data (output) for convenient choices of the Neumann
data (input).
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Application: Network Tomography

Network Tomography, Cont'd

@ We wish to determine the weight w for the case of general weighted
graphs. We begin by considering relatively simple regions of interest
in a graph and suitable choices for the data of the w-Neumann
boundary value problem to produce a linear system of equations for
the values of w, computing the actual weight from the knowledge of
the Dirichlet data (output) for convenient choices of the Neumann
data (input).

@ We can then compute the discrete Laplacian of a weighted
subgraph, getting the boundary value data (Dirichlet data).
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Network Tomography, Cont'd

@ A theorem by Berenstein and Chung give us uniqueness. We can
solve for the information via the Neumann matrix N. We then use
the Neumann-to-Dirichlet map to get the information as boundary
values. Uniqueness carries through. Thus, each subnetwork is
distinct and can be solved individually. This allows us to piece
together the whole network as a collection of subnetworks, which it
turn, can be solved uniquely as a set of linear equations.
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Network Tomography, Cont'd

@ A theorem by Berenstein and Chung give us uniqueness. We can
solve for the information via the Neumann matrix N. We then use
the Neumann-to-Dirichlet map to get the information as boundary
values. Uniqueness carries through. Thus, each subnetwork is
distinct and can be solved individually. This allows us to piece
together the whole network as a collection of subnetworks, which it
turn, can be solved uniquely as a set of linear equations.

@ The key equation to solve is the following in the end. Set S be a
network with boundary 95, let wi,w, be weights on two paths in the
network, and let f;, /» be the amount of information on those paths,
modeled as real valued functions. Then we wish to solve, for j = 1,2

A, fi(x)=0 xeS
i (z) =1(z) z€8S
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Network Tomography, Cont'd

@ The importance of the uniqueness theorem must be discussed to
understand its importance in the problem. Looking at the internet
as modeled as a hyperbolic graph allows for the natural use of the
Neumann-to-Dirichlet map, and thus the hyperbolic Radon
Transform. Obviously, the inverse of the Radon Transform completes
the problem with its result giving the interior data.
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Network Tomography, Cont'd

@ The importance of the uniqueness theorem must be discussed to
understand its importance in the problem. Looking at the internet
as modeled as a hyperbolic graph allows for the natural use of the
Neumann-to-Dirichlet map, and thus the hyperbolic Radon
Transform. Obviously, the inverse of the Radon Transform completes
the problem with its result giving the interior data.

@ The discrete Radon transform is injective in this setting, and
therefore invertible. If increased traffic is detected, we can use the
inverse Radon transform to focus in on particular signals. Given that
these computations are just matrix multiplications, the computations
can be done in real time on suitable subnetworks.
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