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Using Markov Chains

How long before

R forallx € Q, PYx,*) and Tt are close?

Applications

Measure closeness using Total Variation Distance:
| PI(X,%), TUirv = 72 || PY(x,%), U ||i

New Results =1 Z ‘ Pt(X9Y) B TC(Y)‘
y € Q

Previous Work

The time 1t takes for a Markov chain to converge

within € of T 1s called its mixing time:

1(e) = max min {t:|P{(x,*), T |rv < ¢ }




Using Markov Chains

We generally want the mixing time to be poly(n), where
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Self-Organizing Lists

Example: P1zza Delivery
- List of clients and addresses
- O(n) search time

- =3 | Alice

-

~——

Move Ahead One

Algorithm

Tony| =

transpositions

Nancy

Nearest Neighbor

How long does 1t take the list to get organized?

= Mixing Time!
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Applications Fill (2003): Gap problem

- Conjecture:

If {p;;} satisties a “monotonicity’” condition,
then the spectral gap is max. when p;=1/2 V i,j

New Results
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Ifpi;=p>1/2 Vi<j, then 0 (#n?) steps
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Proof of Thm 1

Thm 1: If p;; = r;>1/2 Vi <j, then M is rapidly mixing.

Card Shuffling

Proof outline:
A. Define auxiliary Markov chain M’
B. Show M 1s rapidly mixing
C. Compare the mixing times of M and M’

Applications
Previous Work

New Results , . .
M’ can swap pairs that are not nearest neighbors

- maintain same stationary distribution

- Define the probability of swapping i and j
that are not nearest neighbors...
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Thm 1: If p;; = r;>1/2 Vi <j, then M is rapidly mixing.
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SERMESHERE 61 311111217 6l 21111317

[P’(a,f)=p2,3j

New Results

- Can swap i and j across multiple smaller elements
with probability p; ;

Idea: Location of element i is independent of
the location of all larger elements!
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Slow Mixing Results

*Thm 2: M is not always rapidly mixing.

Card Shuffling

Special Case: Bijection with staircase walks

{1 if i<j<? OR 5 <i<j

Applications

h choi . <5 <] j —
So each choice of pj; where 1 < 21 P 2 else
—>

determines the bias on square (i,n-j+1) —

New Results

Permutation o:

12673894510

1100100110
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Staircase Walks

Card Shuffling - each box has a different bias px

Applications - M can add a box or remove a
box according to px

Previous Work

"4

New Results

Tile-based Self-Assembly:

tiles can attach or detach at corners

- attach w.p. px
- detach w.p. 1- px

rapidly mixing <=> self-assembles efficiently
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Staircase Walks

Card Shuffling Fluctuating Bias:

Applications

Thm 4: If px>p (p const. > 1/2)
then rapidly mixing.

"4

New Results

Thm 5: There exists {px/} s.t px>1/2 for all x but mixing
time 1s exponential 1n 7.

provides slow mixing example for biased permutations!




Slow Mixing

Thm 35: There exists {px} s.t px>1/2 for all x but mixing
time 1s exponential 1n 7.

Card Shuffling

Applications M= n?/3

Previous Work

New Results




Slow Mixing Results

o *Thm 2: M is not always rapidly mixing.

Bijection with staircase walks:
Applications

I if i<j<5 ORS <i<j
So each choice of pij where 1 < —121 <] pPij = 1/2+1/n2 if i+(n-j+1) <M
—>»\ 1-0 otherwise

Previous Work

determines the bias on square (1,n-j+1) —

New Results M= n2/3




Thank you!




Introduction

Biased
Permutations

Nanoscience

Colloids

Staircase Walks

Uniform Bias:

Thm [Benjamini, Berger, Hoffman, Mossel|:
If py=p for all x, then M 1s rapidly
mixing.

Thm 3 [GPR]: If px=p for all x, then M 1s rapidly mixing.

*simpler, generalizes easily™

proof by coupling with exponential distance metric
new path coupling theorem
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Proof of Thm 1

Thm 1: Ifpij=1i>1/2 V i<j, then M is rapidly mixing.

Introduction

M’ can swap pairs that are not nearest neighbors

Biased . . . . . .
Permutations - maintain same stationary distribution

2 —
Nanoscience [ P (0-; 7:) — P23 ]

Permutation o: Permutation o

Colloids

6| 3| 1]]2]]7 6(| 3|1

P’(o,tr)  7(7) 7(7) n(r (t”
P’(z,0) (o) \ux(t’) n(a)




Previous work: Uniform sampling

How long does 1t take to mix?
Card Shuffling

Permutations:

Applications

New Results

\_J

Coupling time (perm) <max {Coupling time(lattice paths)}




